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Abstract
The underexpanded jet issuing from an elliptic convergent nozzle with an aspect ratio of 
8 is quantitatively visualized using rainbow schlieren tomography. Flow visualizations are 
conducted at a nozzle pressure ratio of 4.0 to produce strong shocks within the jet plume. 
The Reynolds number, based on the equivalent diameter and flow properties at the nozzle 
exit, is 4.0×105. Multi-view rainbow schlieren images with a horizontal filter setting are 
captured by rotating the nozzle around its central axis at an angular step of 5◦, ranging 
from 0◦ to 180◦. The jet density field is reconstructed at a spatial resolution of 13 µm 
using the convolution back projection method. The near-field flow features of a shock-
containing elliptic jet with a high aspect ratio are experimentally demonstrated for the 
first time. In addition, to examine the effects of angular steps on the reconstructed density 
field, the rainbow schlieren images taken at 10◦, 20◦, and 30◦ intervals are selected from 
a total of 37 rainbow schlieren images captured at 5◦ intervals. The density field is then 
reconstructed for these specific angular steps. The effects of angular steps are clarified on 
the two-dimensional density fields in the minor-axis and major-axis planes, as well as on 
the streamwise density profiles along the jet centerline and liplines in both the minor-axis 
and major-axis planes.

Keywords  Density measurement · Elliptic nozzle · Rainbow schlieren tomography · 
Shock wave · Underexpanded jet
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1  Introduction

Elliptic nozzles are widely recognized for their numerous advantages over conventional 
round and rectangular nozzles, including improved flow mixing within the supersonic jet, 
shorter potential core length, enhanced shear layer entrainment, and reduced shock-associ-
ated noise under specific operating conditions  (Kinzie and McLaughlin 1999). It suggests 
that elliptic nozzles are effective as a passive flow control strategy. However, previous stud-
ies on shock-containing elliptic jets have focused primarily on aspects related to shock-
associated noise, such as screech tones. Few studies have examined the characteristics of the 
region within the elliptic jet where shock waves are dominant, despite the engineering and 
academic importance of understanding the three-dimensional flow characteristics of shock-
containing elliptic jets  (Edgington-Mitchell 2019).

The flow characteristics in regions dominated by shock waves within underexpanded 
elliptical jets have been experimentally studied by Mitchell et al.   (Mitchell et al. 2013), 
Edgington-Mitchell et al.   (Edgington-Mitchell et al. 2015b, 2015a), Perumal et al.  
(Perumal and Rathakrishnan 2021), Nagata et al.  (Nagata et al. 2024), and Mazharmanesh 
et al.  (Mazharmanesh et al. 2025). Mitchell et al.  (Mitchell et al. 2013) investigated the 
near-field structure of underexpanded jets issuing from an elliptic convergent nozzle with 
an aspect ratio (AR) of 2 and nozzle pressure ratios (NPRs) of 2.2, 2.6, 3.4, and 4.2 using 
high-resolution planar particle image velocimetry (PIV) where AR is defined as the ratio of 
the major axis length to the minor axis length at the nozzle exit face, while NPR is defined 
as the ratio of the stagnation pressure upstream of the nozzle to the back pressure. They 
displayed an axis-switching phenomenon typical of asymmetric jets. Edington-Mitchell et 
al.  (Edgington-Mitchell et al. 2015b, 2015a) examined staging behavior in screeching ellip-
tic jets based on the frequency of the dominant screech tone. Perumal et al.  (Perumal and 
Rathakrishnan 2021) conducted experiments using Pitot tubes to measure overexpanded 
and underexpanded jets issuing from circular and elliptic nozzles. By compiling these 
experimental results along with previous research findings, they proposed a semi-empirical 
law for the supersonic length  (Tashiro et al. 2023) of circular and elliptical jets with shock 
waves. Nagata et al.   (Nagata et al. 2024) quantitatively measured the density field of an 
underexpanded jet emerging from an elliptic convergent nozzle with AR = 4 under a condi-
tion of NPR = 4 using rainbow schlieren tomography (RST) and elucidated the streamwise 
location of the axis-switching, the supersonic length, and the three-dimensional structure 
of shock waves within the jet. Mazharmanesh et al.   (Mazharmanesh et al. 2025) identi-
fied a quasi-helical mode in an elliptic jet by analyzing ultra-high-speed schlieren images, 
employing spectral proper orthogonal decomposition (SPOD).

Some studies numerically explored the characteristics of shock-containing elliptic jets  
(Menon and Skews 2010; Li et al. 2017). Menon and Skews   (Menon and Skews 2010) 
investigated the characteristics of underexpanded jets issuing from elliptic convergent noz-
zles with ARs of 2 and 4 by solving the Reynolds-averaged Navier-Stokes (RANS) equa-
tions and using shadowgraph techniques. Li et al.  (Li et al. 2017) numerically demonstrated 
steady and unsteady flow characteristics of an underexpanded jet issuing from an elliptic 
convergent nozzle with AR = 2 at NPR = 5.6 using large eddy simulation (LES). However, 
to the best of the authors’ knowledge, the experimental datasets necessary to validate com-
putational codes are insufficient. As a result, the validation process is typically conducted 
qualitatively by comparing the results with schlieren or shadowgraph images or by leverag-

1 3



Flow, Turbulence and Combustion

ing experimental data from prior investigations on shock-containing round jets. On the other 
hand, in the absence of strong shock waves, such as Mach stems, within elliptic jets, the 
governing equations of the flow field can often be simplified. Utilizing this simplification, 
several studies have analytically investigated the fundamental structure of the shock-con-
taining elliptic jet. Nagata et al.  (Nagata et al. 2022) proposed a flow model to analytically 
evaluate the effects of NPR and AR on the shock-cell length. Their model can quantitatively 
predict previous experimental shock-cell lengths. Islam et al.  (Islam et al. 2024) introduced 
an analytical model for shock-containing elliptic jets under slightly off-design conditions. 
Ivelja et al.  (Ivelja et al. 2024) developed comprehensive models to describe the behavior 
of both upstream- and downstream-traveling waves in screeching elliptic jets by applying 
proper orthogonal decomposition (POD) to experimental velocity data collected from both 
the major and minor axis planes of underexpanded elliptic jets.

Quantifying regions dominated by shock waves presents significant experimental chal-
lenges. When intrusive probes such as Pitot tubes and hotwire anemometers are employed 
to measure physical quantities within supersonic jets, several challenges arise. For instance, 
the measured value does not represent the true total pressure of the flow, as a bow shock 
forms ahead of the probe in supersonic flows  (Katanoda et al. 2000), leading to a reduction 
in total pressure. Additionally, the presence of shocks can introduce significant measure-
ment errors, particularly in regions where the flow transitions from supersonic to subsonic. 
Furthermore, the insertion of the probe into the flow can disrupt the flow field, thereby 
altering the characteristics of the jet being measured. These issues necessitate meticulous 
consideration and calibration when using Pitot tubes for supersonic flow measurements.

The application of optical diagnostic techniques using tracer particles, such as laser Dop-
pler anemometry (LDA), particle image velocimetry (PIV), and laser-induced fluorescence 
(LIF), to measure physical quantities within supersonic jets presents several significant 
challenges [ (Yoo et al. 2010; Feng and McGuirk 2016; Sakurai et al. 2015; Yüceil 2017)]. 
Firstly, ensuring that tracer particles accurately and promptly follow the flow dynamics is 
particularly difficult in regions where the flow transitions rapidly from supersonic to sub-
sonic before and after a strong shock wave. Secondly, discrepancies between the dimensions 
and density of the tracer particles and the fluid can lead to erroneous measurements, as the 
particles may not perfectly mimic the fluid’s motion. In contrast, in recent years, there has 
been an increasing use of visualization techniques that exploit the property of light’s refrac-
tive index being a function of density alone to investigate the density fields in shock-domi-
nated flows. Laser interferometry, which leverages the principle that light travels at different 
speeds through regions of varying density, has been extensively used. Sugawara et al.  (Sug-
awara et al. 2020, 2021) quantitatively elucidated the flow characteristics in the near-field of 
underexpanded round microjets using Mach-Zehnder interferometry (MZI). Similarly, Leon 
et al.  (Léon et al. 2022) revealed the three-dimensional structure of a screeching underex-
panded jet in helical mode using multi-view digital holographic interferometry. Recently, 
Yoshimi et al.   (Yoshimi et al. 2025) elucidated the three-dimensional structure of shock 
waves within the underexpanded jet issuing from a micro rectangular convergent nozzle 
with a high aspect ratio using MZI. However, laser interferometry requires expensive opti-
cal components such as beam splitters and lasers, and the setup demands skilled techniques. 
On the other hand, there are visualization techniques based on the schlieren principle, which 
are cost-effective and simpler to set up.
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Schlieren methods  (Settles 2001) exploit the refraction of light passing through regions 
with density gradients. Notable examples include background-oriented schlieren (BOS)  
(Settles and Hargather 2017) and rainbow schlieren deflectometry (RSD)   (Agrawal and 
Wanstall 2018). However, despite its advantages, BOS can be limited in terms of spatial 
resolution. This limitation arises because the cameras are focused on the background rather 
than the flow of interest. Additionally, spatial filtering induced by image correlation algo-
rithms further contributes to this constraint   (Léon et al. 2022). On the other hand, RSD 
is recognized for its high spatial resolution and has been successfully applied to underex-
panded round jets  (Tashiro et al. 2023; Takano et al. 2016; Maeda et al. 2018), underex-
panded rectangular jets  (Fukunaga et al. 2022), and underexpanded elliptic jets  (Nagata et 
al. 2024).

The present study is motivated by the lack of an experimental dataset needed to validate 
numerical simulations and analytical models on shock-containing elliptic jets. In our previ-
ous study  (Nagata et al. 2024), the flow topology and shock structure in the near-field region 
of an underexpanded jet emerging from an elliptic convergent nozzle with an aspect ratio 
of 4, operating at a nozzle pressure ratio of 4, were quantitatively elucidated. To the best of 
the authors’ knowledge, the only experimental study on shock-containing elliptic jets with a 
high AR is performed by Rao et al.  (Rao et al. 2020), who investigated an underexpanded 
jet issuing from an elliptic convergent nozzle with AR = around 8 using high-speed schlieren 
imaging and acoustic measurements. However, their research primarily concentrated on the 
feedback mechanism of screech tones, thus the internal structure of the jets remains unex-
amined. Therefore, the present study examines the three-dimensional flow characteristics of 
the shock-dominated region in an underexpanded jet emerging from an elliptic convergent 
nozzle with AR = 8.

2  Experimental Methods

2.1  Measurement System and Test Nozzle

The experiments were conducted in an intermittent blowdown compressed-air facility. 
Since the facility has been described in detail elsewhere  (Nagata et al. 2024), only a brief 
description is given in the present paper. The ambient air is pressurized by the compressor 
up to 1 MPa and stored in a high-pressure reservoir comprising two storage tanks with a 
total capacity of 2 m3 after filtering and drying. The high-pressure dry air from the reservoir 
stagnates in the plenum chamber through a coupling as shown in Fig. 1. Subsequently, it is 
discharged into the quiescent air through the test nozzle that can be rotated about its central 
axis  (Nagata et al. 2024). The desired nozzle pressure ratio (NPR = pos/pb) is achieved by 
changing the plenum pressure, pos, with the back pressure, pb, held constant at 4.0 within 
an accuracy of 1.0 %. In the present experiments, pb is 101.8 kPa ± 0.5 kPa and the ambi-
ent temperature Tb is 299.8 K ± 0.1 K. As shown in Fig. 2, an elliptic convergent nozzle 
with an AR of 8 is used as a test nozzle where the AR is defined as the ratio (La/Lb) of the 
semi-major length (La = 10 mm) to the semi-minor length (Lb = 1.25) at the nozzle exit. The 
equivalent diameter  (Nagata et al. 2022) at the nozzle exit is given by Deq  = 2(LaLb)1/2 
and it becomes approximately 7.1 mm for the present nozzle. The Reynolds number, based 
upon the equivalent diameter and flow properties at the nozzle exit, is 4.01 × 105.
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Fig. 2  Cut-model of a test nozzle 
and the Cartesian coordinate sys-
tem (x, y, z) with its origin at the 
center of the nozzle exit plane. The 
x, y, and z are measured from the 
origin along the major axis, minor 
axis, and center axis of the nozzle, 
respectively

 

Fig. 1  Schematic diagram of the experimental apparatus with a rainbow schlieren optical system. High-
pressure dry air is supplied to the plenum chamber through the coupling and then discharged into the 
atmosphere through the test nozzle
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The nozzle was fabricated using a 3D printer (Flashforge, Adventurer 3X) employing 
fused deposition modeling (FDM). This method utilizes melt extrusion to deposit thermo-
plastic filaments according to a predetermined pattern. The geometry of the nozzle exit 
and the internal wall roughness significantly influence the flow characteristics of the jets 
issuing from the nozzle. To investigate these features, a digital image of the nozzle exit 
was captured using a laser scanning microscope (Olympus, LEXT OLS4100), and the wall 
shape was measured as a function of the polar angle, θ, as depicted in Fig. 3. The red line 
represents the designed elliptic curve, while the open symbols denote the measured values. 
The design curve and the measurement data exhibit excellent quantitative agreement, with 
a standard deviation of approximately 11 µm. Additionally, the arithmetic mean roughness, 
Ra, of the internal nozzle wall was measured using a surface roughness measuring machine 
(Mitutoyo, SV-C524) with a resolution of 0.05 µm in both vertical and horizontal directions, 
yielding a value of 6.37 µm.

2.2  Rainbow Schlieren Tomography

Quantitative flow visualizations of shock-containing elliptic jets were carried out by the 
rainbow schlieren tomography (RST)  (Nagata et al. 2024). In this study, an in-house rain-
bow filter with 4.4 mm in width and 35 mm in length was utilized. An image of the rainbow 
filter, along with its calibration curve, is presented in Fig. 4(a). In the HSI color representa-
tion, the hue (color) of the rainbow filter transitions continuously from the left to the right 
end, with a physical quantity ranging from 0 to 360 ◦ assigned to the hue at each position. In 
the present experiment, a single parameter H , represented by an 8-bit image (256 gradation 
levels), is assigned to the width (4.4 mm) of the rainbow filter. This implies that the filter 
resolution is approximately 17 µm, which is about one-third the size (50 µm) of the light 
source image projected onto the rainbow filter.

Similar to the traditional greyscale schlieren method using a knife-edge, the rainbow 
filter is installed horizontally in the schlieren cutoff plane. Before starting the experiment, 

Fig. 3  Wall shape at the nozzle exit 
section against the polar angle. 
The red line denotes the design 
curve for an ellipse with semi-
major and semi-minor lengths of 
La = 10 mm and Lb = 1.25 mm, 
respectively, and the open symbols 
are measured values
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the filter is moved in 10 µm increments from a reference position in the direction where the 
hue changes. This allows the camera’s sensor to record specific colors based on the filter’s 
movement, enabling the creation of a calibration curve for the rainbow filter, as shown 
in Fig. 4(b). The open symbols represent the calibration data with a maximum precision 
error of approximately 3◦ in the hue values. The solid line indicates a least squares regres-
sion curve of the calibration data, which is represented by a fifth-order polynomial. The 
background hue in the rainbow filter for the present experiment corresponds to the location 
indicated by the blue arrow. Detailed procedures for designing, generating, and calibrating 
a rainbow filter are described in Agrawal and Wanstall  (Agrawal and Wanstall 2018). The 
jet density field is reconstructed using the convolution back projection (CBP) technique. 
The present rainbow schlieren system has a spatial resolution of 13 µm in the object plane, 
which can be evaluated based on the physical and image dimensions of the test nozzle  
(Kolhe and Agrawal 2009). The method for reconstructing three-dimensional density fields 
using RST is comprehensively detailed in our most recent publication  (Nagata et al. 2024); 
therefore, it is not elaborated upon in this context.

When reconstructing the three-dimensional density field of an asymmetric jet using the 
CBP method, the optimal angular step for capturing images around the jet’s central axis is 
not known in advance. Generally, a smaller angular step results in higher accuracy of the 
reconstructed density field but requires a larger number of images. Therefore, it is necessary 
to select a larger angular step within a tolerable range to balance accuracy and practicality. 

Fig. 4  Calibration characteristics 
of a rainbow filter. (a) An image of 
rainbow filter and (b) calibration 
data with the least squares regres-
sion line and a background hue of 
195 deg. The approximation curve 
is a fifth-degree polynomial
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In this study, an angular step (∆θ) of 5◦ was set, and multi-directional imaging of the jet was 
conducted, resulting in a total of 37 captured images. Subsequently, images corresponding 
to ∆θ values of 5◦, 10◦, and 20◦ were selected from this dataset. Using the CBP method, the 
density field of the jet was reconstructed, and the effects of ∆θ on the reconstructed density 
field were examined.

Furthermore, before the density field of the jet is reconstructed, three typical filtering 
processes including bilateral filter, block-matching and 3D (BM3D) filter, and total varia-
tion (TV) filter were applied to the rainbow schlieren images. The bilateral filter is a non-
linear, edge-preserving, and noise-reducing smoothing filter for images and it preserves 
sharp edges. The BM3D filter is a 3-D block-matching algorithm used primarily for noise 
reduction in images. The TV filter is based on the principle that signals with excessive and 
possibly spurious detail have a high total variation.

In our preliminary study  (Sakashita et al. 2024), the effects of three image filters on the 
streamwise density profiles along typical locations: the central axis, the lipline in the minor-
axis plane, and the lipline in the major-axis plane of an underexpanded elliptic jet were 
examined. The TV filter was found to be the most effective. Consequently, in the present 
study, only the TV filter was utilized.

3  Results and Discussion

3.1  Flow Visualization

Rainbow schlieren pictures of an underexpanded elliptic jet are shown in Fig. 5 with flow 
from left to right. The downstream distance (z) from the nozzle exit and its dimensionless 
distance (z/Deq) are indicated below the picture for reference. To observe changes in the 
density gradient perpendicular to the flow direction, the rainbow filter is placed parallel to 
the flow in the schlieren cut-off plane. The color of the schlieren images corresponds to the 
hue value of the rainbow filter shown at the right of Fig. 5. The magnitude of the density 
gradient is proportional to the difference from the background hue (H  = 195◦). In regions 
along the jet’s central axis and sufficiently far from the jet’s central axis, the density gradient 
is zero, resulting in the hue value matching the background hue value. In regions where the 
density gradient in the y-direction is positive (∂ρ/∂y > 0), the hue value is smaller than that 
of the background hue (H  = 195◦), and the greater the absolute value of the density gradient, 
the smaller the hue value becomes. In contrast, in regions where the density gradient in the 
y-direction is negative (∂ρ/∂y < 0), the hue value is greater than that of the background 
hue, and the greater the absolute value of the density gradient, the larger the hue value 
becomes. In Fig. 5(a), observing the jet boundary immediately downstream of the nozzle 
exit, the upper jet boundary is purple, while the lower jet boundary is yellow. From this, it 
can be inferred that at the upper jet boundary, ∂ρ/∂y < 0, and at the lower jet boundary, 
∂ρ/∂y > 0.

From Fig. 5(a), which shows the minor-axis plane view, the jet exiting the nozzle initially 
spreads radially due to underexpansion but contracts toward the location of the first shock 
just downstream of the nozzle to form the first shock-cell. A second shock is faintly visible 
downstream of the first shock but is obscured by the flow oscillations  (Rao et al. 2020). In 
Fig. 5(b), which shows the major-axis plane view, the first shock can be seen to form a cres-
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cent shape from the nozzle exit lip toward the center axis of the jet. The second shock can be 
observed immediately after the first shock. However, it is not possible to determine the exact 
shape from this schlieren image. The jet boundary in the major-axis plane view gradually 
decreases in the downstream direction toward the jet centerline from just after the nozzle 
exit. It should be kept in mind that the rainbow schlieren images in Fig. 5 demonstrate the 
result of averaging the density gradient perpendicular to the jet axis in the viewing direction.

Rao et al.  (Rao et al. 2020) investigated the unsteady characteristics of underexpanded 
jets from an elliptic converging nozzle with an aspect ratio of approximately 8 using high-
speed schlieren photography. Their results indicate that the jet exhibits flapping motion in 
the minor-axis plane, while remaining nearly steady in the major-axis plane. Additionally, 
the flow oscillations become more intense further downstream. Therefore, the jet becomes 
blurred beyond the second shock in the schlieren image shown in Fig. 5, indicating a high 
degree of flow unsteadiness.

Fig. 5  Rainbow schlieren pictures of an underexpanded elliptic jet taken with horizontal rainbow filter 
setting for (a) the minor-axis plane view and (b) the major-axis plane view
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3.2  Isopycnic Surface

Figure  6 presents a three-dimensional density field of the shock-containing elliptic jet, 
depicted using isopycnic representation. This surface is defined as a surface that connects 
points in a fluid where the density is the same. Specifically, isopycnic surfaces where ρ/ρb 
equals 1.2, 1.6, 1.9, and 2.4 are shown in blue, green, yellow, and red, respectively. Menon 
and Skews  (Menon and Skews 2010), along with Nagata et al.  (Nagata et al. 2024), intro-
duced the jet sonic boundary to characterize underexpanded jets. At the sonic boundaries of 
the jet, the Mach number of the flow is equal to unity, which corresponds to ρ/ρb = 1.2 at the 
isopycnic surface  (Nagata et al. 2024).

As seen from Fig. 6, the jet density field exhibits a complex three-dimensional structure 
immediately after the nozzle exit. The jet sonic boundary near the nozzle exit is elliptic in 
shape, featuring a long major axis and a short minor axis. However, further downstream 
from the nozzle exit, the lengths of the jet sonic boundaries in the major and minor axis 
directions become equal, and the cross-sectional shape approaches a circular form. Nagata 
et al.   (Nagata et al. 2024) reported that the structure of the underexpanded jet emerging 
from an elliptic nozzle with an AR of 4 exhibits an axis-switching phenomenon, where the 
lengths of the jet sonic boundaries in the major and minor axis directions reverse by 90◦ as 
the flow progresses downstream from the nozzle exit. However, the axis-switching phenom-
enon does not occur in the present experiment. Furthermore, while the studies by Menon 
and Skews  (Menon and Skews 2010), as well as Nagata et al.  (Nagata et al. 2024), found 
that the jet sonic boundaries change continuously in the flow direction, our current study 
reveals that the jet sonic boundaries are discontinuous downstream. Detailed variations in 
the flow direction of the jet sonic boundaries in both the minor-axis and major-axis planes 
are discussed in Sect. 3.3.

3.3  Density Contour Plots

The density contour plots of the underexpanded elliptic jet are shown in Fig. 7, with the flow 
from left to right. The density field is normalized by the ambient density (ρb). The origin of 
the coordinate system is the center of the cross section at the nozzle exit. The abscissa is the 
streamwise distance (z) and ordinates denote the vertical distance (y) along the minor-axis 
and the horizontal distance (x) along the major-axis. The contour level is represented by a 

Fig. 6  Isopycnic surface of the 
underexpanded elliptic jet with 
ρ/ρb = 1.2 in blue, 1.6 in green, 
1.9 in yellow, and 2.4 in red. The 
flow Mach number is unity at 
the jet sonic boundary showing 
ρ/ρb = 1.2
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color bar at the top of Fig. 7 as a range from a minimum value of 0.8 to a maximum value 
of 2.4. Isodensity lines are drawn at intervals of ∆ρ/ρb = 0.1. The flow Mach numbers reach 
unity on the lines where ρ/ρb = 1.2  (Nagata et al. 2024), and these contours are depicted in 
red. The dashed lines parallel to the abscissa indicate the centerline and lipline. The down-
ward arrows denote the shock locations at the centerline. In Fig. 7(a), almost normal shocks 
can be observed as the first and second shocks. The length in the flow direction from the 
nozzle exit to the position sufficiently downstream where the sonic line is unity is called the 
supersonic length (L∗)  (Tashiro et al. 2023). In this experiment, the dimensionless super-
sonic length is L∗/Deq  = 6.6.

Fig. 7  Density contour plots in the (a) minor-axis and (b) major-axis planes of the underexpanded elliptic 
jet. The isodensity lines are drawn at intervals of ∆ρ/ρb = 0.1, with the isodensity lines corresponding to 
mach number equal to unity specifically highlighted in red
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It is undoubtedly interesting to compare the supersonic length obtained from experi-
ments with different ARs and past empirical formulas. Nagata et al.  (Nagata et al. 2024) 
demonstrated that under the same pressure condition (NPR = 4.0) as in this experiment, 
the supersonic length of the underexpanded elliptic jet with an AR of 4 is L∗/Deq  = 8.4. 
It indicates that as the AR increases from 4 to 8, the L∗/Deq  decreases by approximately 
21%. Additionally, the semi-empirical formula for L∗/Deq  is given  (Nagata et al. 2024) by 

	

L∗

Deq
= e0.154M2

j

√
AR

(
−0.226NPR2 + 2.87NPR + 0.03

)
� (1)

where Mj  is the fully expanded jet Mach number, which depends on NPR and the specific 
heat ratio γ as follows: 

	
Mj =

√
2

γ − 1

(
NPR

γ−1
γ − 1

)
� (2)

Note that Eq. (1) is reformulated from the original equation of Perumal and Rathakrishnan  
(Perumal and Rathakrishnan 2021), as organized by Nagata et al.   (Nagata et al. 2024) 
for easier application. When NPR is the same, Eq. (1) suggests that L∗/Deq  is inversely 
proportional to the square root of AR. The normalized supersonic length predicted using 
Eqs. (1) with (2) is approximately L∗/Deq  = 4.1 for γ = 1.4, which is 38% shorter than the 
experimental value.

In Fig. 7(b), a crescent-shaped shock can be seen originating from the nozzle exit lip and 
extending toward the central axis of the jet. It can be slightly confirmed from the concen-
tration of the contour lines that a second shock exists immediately downstream of the first 
shock. The width between the upper and lower jet outer boundaries decreases slowly in the 
flow direction from the nozzle exit. In our previous experimental study  (Nagata et al. 2024) 
using an elliptic convergent nozzle of AR = 4 under a pressure condition of NPR = 4, the 
first shock in the major-axis plane becomes a Mach shock consisting of an incident shock, 
a reflected shock, and a Mach stem, forming a distinct slip line. However, a Mach stem can 
not be recognized in Fig. 7(b).

Comparing the density field shown in Fig. 7 with that of the underexpanded elliptic jet 
of AR = 4  (Nagata et al. 2024), it is observed that in the former, the isodensity lines where 
the Mach number equals unity exist as multiple closed curves. In contrast, in the latter, these 
lines form a single, continuous, closed curve extending from the nozzle exit to a consider-
able downstream distance.

Figure 8 illustrates the streamwise variations of the jet sonic boundary  (Nagata et al. 
2024). The red and blue solid lines indicate the widths (wx, wy) of the jet sonic boundaries 
in the major-axis and minor-axis planes, respectively, as exemplified in the density field 
in Fig. 7. In the major-axis plane, wx initially decreases gradually in the flow direction 
immediately after the nozzle exit, but it abruptly drops to zero at a position where z/Deq  
is approximately 3. Subsequently, wx rises sharply, forming two peaks before dropping to 
zero again. Afterward, wx exhibits a mountain-like shape three times before stabilizing 
at zero. On the other hand, wy  initially remains almost constant from the nozzle exit with 
increasing distance and then abruptly drops to zero at z/Deq  = 1, forming six mountain-like 
shapes. The distribution of the last three mountain-like shapes of wx and wy  nearly overlap. 
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An important point here is that wy  never exceeds wx. This indicates that the axis-switching 
phenomenon, which occurs in the underexpanded elliptic jet with an AR of 4  (Nagata et al. 
2024), does not occur. This can also be qualitatively observed from the three-dimensional 
density field of the jet shown in Fig. 6.

3.4  Streamwise Density Distributions

Typical density distributions along (a) the jet centerline, (b) the lipline in the minor-axis 
plane, and (c) the lipline in the major-axis plane are depicted in Fig. 9 as blue solid lines. 
Uncertainty error bars are added in red to each density distribution. The study by Sugawara 
et al.  (Sugawara et al. 2020) on shock-containing round microjets demonstrates that bias 
errors are negligibly small compared to random errors. Therefore, the error bars in Fig. 9 do 
not include bias errors. In addition, to avoid clutter, the error bars are displayed at appropri-
ate intervals along the flow direction. Details on the error evaluation method are described 
in our previous paper   (Nagata et al. 2024). In Figs. 9(a)∼(c), the average measurement 
uncertainties are 1.4%, 0.79%, and 0.42% of ρb, respectively.

The vertical axis denotes the density normalized by the ambient density and horizontal 
axis is the streamwise distance from the nozzle exit. The leftward arrow on the vertical axis 
denotes the theoretical density ratio at the nozzle exit, which is calculated under the assump-
tion of isentropic flow from the nozzle inlet to the exit. In addition, the supersonic length is 
marked by short green line. Furthermore, the dashed line parallel to the horizontal axis in 
Fig. 9 shows the normalized density (ρj/ρb = 1.49) at the jet free boundary, where the static 
pressure is the same as the back pressure (pb), but the density is different from the ambient 
density  (Sugawara et al. 2020).

As shown in Fig. 9(a), the experimental density ratio at the nozzle exit is approximately 
2.2, which is lower than the theoretical value of 2.54. This is due to the effect of light reflec-
tion at the nozzle exit cross-section. At around 3 mm downstream of the nozzle exit, the den-
sity in the jet rapidly decreases to 92% of the atmospheric density, and the theoretical Mach 
number at this position is predicted to be about M1 = 2.0, assuming an isentropic change. 
The maximum Mach number in underexpanded jets emerging from a convergent nozzle can 

Fig. 8  Streamwise variations in the 
widths (wx, wy) of the jet sonic 
boundaries in the minor-axis and 
major-axis planes of the underex-
pandedelliptic jet

 

1 3



Flow, Turbulence and Combustion

be predicted to occur at the first minimum of the density or static pressure distribution on the 
jet central axis. For reference, Tashiro et al.  (Tashiro et al. 2023) proposed an experimental 
relation given by 

	 M = 1 + 0.72 (NPR − 1.89)0.76� (3)

for the Mach number obtained from the first minimum value in the density profile along the 
central axis of underexpanded jets issuing from a circular convergent nozzle. Substituting 
NPR = 4 into Eq. (3) gives a Mach number of approximately 2.3, which is approximately 
15% larger when compared to the present experimental result. The effects of AR and NPR 
on the maximum Mach number inside the shock-containing elliptic jets are left for future 
research.

Fig. 9  Streamwise density pro-
files with uncertainty error bars 
along the (a) jet centerline, (b) 
lipline in the minor-axis plane, 
and (c) lipline in the major-axis 
plane

 

1 3



Flow, Turbulence and Combustion

In the density distribution along the jet centerline, the streamwise locations of the local 
density maxima correspond approximately to those of the shocks. The values of the local 
density maxima are largest at the location of the first shock, which is attributed to the 
strength of the shock. The initial value of the density peaks is the highest and diminish as 
they move downstream, whereas the initial value of the density minima is the lowest and 
progressively rise downstream.

The distance between the streamwise locations of the first and second density maxima 
indicates the shock-cell length (Ls)   (Tashiro et al. 2023). The Ls/Deq  is determined to 
be 0.82 from the density profile along the jet centerline in Fig. 9(a). This value is approxi-
mately 13% lower than the analytical value of 0.94 predicted using the previous flow model  
(Nagata et al. 2022).

There are no other experimental values comparable to the present data for the density 
field within the shock-containing elliptic jet. However, theoretical predictions can be made 
for the density increase caused by the first shock, since it can be approximated as a normal 
shock near the jet centerline. Using a freestream Mach number of M1 = 2.0 just before 
the first shock, the post-shock density can be determined using the Rankine-Hugoniot rela-
tions. In Fig. 9(a), the theoretical density increment due to the first shock is indicated by 
an upward arrow with two short horizontal bars. The density ratio across the first shock, 
obtained from the density profile along the jet centerline, agrees with the theoretical value 
for the normal shock within approximately 7% and hence, the theoretical value is of the 
same order of magnitude as the experimental value.

Figure 9(b) presents the density distribution along the lipline in the minor-axis plane. 
The downward arrows in the figure indicate the positions of the density peaks. A compari-
son between Figs. 7(a) and 9(b) suggests that the lipline traverses the jet sonic boundaries, 
implying that the density peaks occur at the locations of the shocks within these boundaries. 
On the other hand, as shown by comparing Figs. 7(b) and 9(c), the lipline in the major-axis 
plane lies outside the jet, resulting in the density along this line being equal to the atmo-
spheric density at all locations.

3.5  Shock Structures and Topology

Shock structures and topology, including the spatial evolution of shock waves, shock-to-
shock interactions, and shock reflection and diffraction, can be quantitatively expressed 
through the magnitude of the density gradient vector, represented by 

	

Deq

ρb
|∇ρ| = Deq

ρb

√(
∂ρ

∂x

)2

+
(

∂ρ

∂y

)2

+
(

∂ρ

∂z

)2
� (4)

in nondimensional form. This quantity indicates the degree of compression and expansion 
in all directions. Such representation effectively highlights the shapes of shock waves and 
the locations where expansion waves begin  (Sugawara et al. 2020).

Figure 10 illustrates the three-dimensional structure of the first and second shocks within 
the underexpanded elliptic jet of AR = 8. Nagata et al.  (Nagata et al. 2024) experimentally 
demonstrated that the first shock within the underexpanded elliptical jet of AR = 4 consists 
of three components: an incident shock, Mach stem, and reflected shock. On the other hand, 
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as shown in Fig. 10, the first shock within the underexpanded elliptic jet of AR = 8 has a cres-
cent shape, and no reflected shock is formed. Additionally, it is observed that the strength 
of the crescent-shaped shock decreases radially from the center of the jet. The second shock 
is significantly smaller compared to the first shock, and its central part has a circular shape.

3.6  Effects of Angular Step

It is essential to investigate how the size of the angular step affects the reconstructed density 
field. Smaller angular steps yield greater accuracy but require longer experimental times 
and larger volumes of data. Therefore, it is ideal to keep the angular step as small as pos-
sible. However, to the best of the author’s knowledge, no studies have been conducted on 
the effect of the angular step on the reconstructed density field in the context of applying 
rainbow schlieren tomography to supersonic flow.

The jet density fields were reconstructed by varying the angular step (∆θ) to 5◦, 10◦, 
20◦, and 30◦. Figure 11 shows the effect of the ∆θ on the density field in the minor-axis 
plane. The density distributions corresponding to ∆θ at 5◦, 10◦, 20◦, and 30◦ are repre-
sented by blue, yellow, green, and red, respectively. It can be seen that the overall structure 
of the density field, including the shape of the shock-cells and the jet boundaries, is not 
significantly affected by the ∆θ. However, in the region where the first and second shocks 
occur, some spurious contributions can be observed extending outward from the center of 
the jet, and this effect becomes more pronounced with increasing ∆θ.

Figure 12 shows the effect of the ∆θ on the density field in the major-axis plane. Similar 
to the density field in the minor-axis plane, spurious contributions are observed at the jet 
boundaries where the first and second shocks are produced. In particular, the density field 
for ∆θ = 30◦ is markedly different from the other density fields.

Fig. 10  Three-dimensional shock 
structures of the underexpanded 
elliptic jet with an aspect ratio of 8
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Fig. 12  Effect of the angular step (∆θ) on the density contour plots in the minor-axis plane for (a) ∆θ = 5°, 
(b) ∆θ = 10°, (c) ∆θ = 20°, and ∆θ = 30°

 

Fig. 11  Effect of the angular step (∆θ) on the density contour plots in the major-axis plane for (a) ∆θ = 5 
◦, (b) ∆θ = 10 ◦, (c) ∆θ = 20 ◦, and ∆θ = 30 ◦

 

1 3



Flow, Turbulence and Combustion

To quantitatively evaluate the effect of the ∆θ on the density field, Fig. 13 demonstrates 
the density distributions along three representative flow directions: (a) the jet centerline, (b) 
the lipline in the minor-axis plane, and (c) the lipline in the major-axis plane. First, attention 
is directed to the density distribution along the jet centerline. The density increases due to 
the first and second shocks are similar for ∆θs from 5◦ to 20◦, but for ∆θ = 30◦, the density 
increase is significantly higher compared to that for ∆θ = 5◦. Regarding the minimum den-

Fig. 13  Effect of the angular step on the 
streamwise density profiles along (a) 
the jet centerline, (b) the lipline in the 
minor-axis plane, and (c) the lipline in 
the major-axis plane
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sity values just before the first and second shocks, the density distributions for ∆θ = 5◦ and 
10◦ are similar, but the distributions for ∆θ = 20◦ and 30◦ show a larger deviation compared 
to that for ∆θ = 5◦. Downstream of the second shock, the effect of the ∆θ on the density 
distribution is minimal. Next, Fig. 13(b) is examined to observe the effect of ∆θ on the 
density distribution along the lipline in the minor-axis plane. In the region from the nozzle 
exit to approximately z/Deq  = 1, the density distribution for ∆θ = 30◦ is markedly different 
from the other distributions. However, downstream of approximately z/Deq  = 1, the effect 
of the ∆θ on the density distribution is negligible. Finally, Fig.  13(c), which shows the 
density distribution along the lipline in the major-axis plane, is examined. Downstream of 
approximately z/Deq  = 1, the density distributions for ∆θ = 5◦ and 10◦ quantitatively match 
well. The density distribution for ∆θ = 20◦ shows good quantitative agreement with that for 
∆θ = 5◦ downstream of approximately z/Deq  = 2. The density distribution for ∆θ = 30◦ is 
markedly different from that for ∆θ = 5◦ from the nozzle exit to approximately z/Deq  = 3. 
However, downstream of approximately z/Deq  = 3, it shows reasonable quantitative agree-
ment with the density distribution for ∆θ = 5◦.

4  Conclusions

Rainbow schlieren tomography (RST) was used to obtain the three-dimensional density 
field of an underexpanded jet emerging from an elliptic convergent nozzle with an aspect 
ratio (AR) of 8. The detailed flow features in the shock-dominated region of the underex-
panded elliptic jet were then quantitatively resolved at a spatial resolution of 13 µm. The 
conclusions obtained in the present study are as follows.

(1)	 The isopycnic surface of the underexpanded elliptic jet shows that the jet sonic bound-
ary near the nozzle exit has an elliptic shape, which transitions to a circular form further 
downstream as the lengths of the jet sonic boundaries in the major and minor axis 
directions become equal. In addition, the jet sonic boundaries have multiple closed 
isodensity lines. No axis-switching phenomenon occurs.

(2)	 The supersonic length (L∗) normalized by the equivalent diameter (Deq) is L∗/Deq  = 6.6 
for the underexpanded elliptic jet of AR = 8. A comparison with a previous experimen-
tal study for AR = 4 shows that when AR increases from 4 to 8, L∗/Deq  decreases 
by approximately 21%. The semi-empirical formula using Eqs.  (1) with (2) predicts 
L∗/Deq  = 4.1, which is 38% shorter than the present experimental value.

(3)	 The density profiles along the jet centerline, as well as the liplines in the minor-axis and 
major-axis planes, exhibit uncertainty errors of 1.4%, 0.79%, and 0.42%, respectively, 
relative to the ambient density. The experimental density ratio across the first shock, 
derived from the density profile along the jet centerline, aligns with the theoretical 
value for the normal shock within an approximate margin of 7%.

(4)	 The first shock within the underexpanded elliptic jet exhibits a crescent shape without 
a reflected shock, and its strength diminishes from the jet’s center outward, while the 
second shock is notably smaller than the first shock, with a circular central part.

(5)	 The jet density fields were reconstructed with angular steps (∆θs) of 5◦, 10◦, 20◦, and 
30◦. In the minor-axis plane, the overall structure of the density field, including shock-
cells and jet boundaries, remains largely unaffected by the ∆θ. Nonetheless, spurious 
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contributions, particularly in the first and second shock regions, increases with larger 
∆θs. In the major-axis plane, the density field for ∆θ = 30◦ differs significantly from 
others. Therefore, ∆θ must be set to a value below 30◦ at minimum.

(6)	 The effects of ∆θ on the streamwise density profiles were examined. For the density 
profile along the jet centerline, the density rise due to the first shock is consistent for 
∆θs from 5◦ to 20◦, but significantly higher for ∆θ = 30◦. Minimum density values 
before the first and second shocks are similar for ∆θ = 5◦ and 10◦, with larger devia-
tions at ∆θ = 20◦ and 30◦. Downstream of the second shock, the effect of ∆θ is min-
imal. Along the lipline in both minor and major-axis planes, the density profile for 
∆θ = 30◦ shows marked differences between the nozzle exit and z/Deq  = around 3, but 
is reasonably well downstream of z/Deq  = around 3.

It should be noted that the conclusions drawn in this study are limited to underexpanded 
elliptical jets with aspect ratios not exceeding 8. The experimental data provided in this 
study are expected to offer valuable insights for validating numerical simulations and devel-
oping analytical models related to shock-containing elliptical jets.
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