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Abstract
Effective quantitative visualization of compressible flows across the full field of view is essential for understanding the flow 
topology and dynamics of supersonic jet oscillations, shock-boundary-layer interactions, and shock reflection and diffrac-
tion. The present study provides a methodology for obtaining the time-dependent density field of transient shock-dominated 
flows within a confined duct. A shock strong enough to induce flow separation and exhibiting unsteady behavior is intro-
duced downstream of the throat within a divergent half duct. The incoming flow Mach number just upstream of the shock is 
approximately 1.47, and the Reynolds number calculated based on the height and flow properties at the throat is 1.35 × 105 . 
We employ Mach-Zehnder interferometry with a finite-fringe setup to capture the time-resolved density field including the 
shock motion, utilizing a He-Ne laser as the light source and a high-speed camera as the recording device. A two-dimensional 
Fourier fringe analysis is employed to extract the phase information over the entire density field. Fascinating visual represen-
tations, such as the pseudo-infinite interferogram and the density field with phase information known as domain coloring, are 
introduced to illustrate flow topology. The oscillatory characteristics of shock motions are analyzed using both Lagrangian 
and Eulerian approaches, and the results are compared quantitatively. Furthermore, an uncertainty analysis is conducted to 
assess the accuracy of the density measurements and to reveal how shock oscillations affect density uncertainty.

1  Introduction

When supersonic flows in a Laval nozzle, inlet diffuser, or 
centrifugal compressor are decelerated to subsonic speeds, 
shock waves are typically generated (Matsuo et al. 1999). It 
is well-known that when a shock wave occurs in a confined 

duct, it interacts with the boundary layer that develops along 
the wall (Matsuo et al. 1999). This interaction results in a 
complex shock structure that may include a Mach stem and 
oblique shocks, or it can lead to a shock train composed 
of multiple shocks. These phenomena significantly contrib-
ute to the noise produced by the exhaust. Currently, vari-
ous hypotheses have been proposed to explain the causes 
of shock oscillations including turbulence upstream of the 
shock, vortices that are periodically emitted from separation 
bubbles beneath the foot of the shock, and resonance effects 
related to the length of the flow path downstream of the 
shock. However, many unknowns still exist regarding the 
mechanisms that drive shock oscillations.

In recent years, various numerical studies of unsteady 
flows involving shock waves have been conducted using both 
commercial software, such as ANSYS Fluent, and open-
source numerical codes like SU2. However, these studies 
always require verification with experimental results, and yet 
there are still few reliable experimental data with high spa-
tial resolution over a full range of an interaction between a 
shock wave and the wall boundary layers in a confined chan-
nel. Thus, the validation of simulation results still requires 
experimental verification and accurate prior information, 
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highlighting the ongoing relevance of improving optical 
measurement techniques.

Quantifying regions dominated by shock waves presents 
significant experimental challenges, particularly in unsteady 
flow fields. Intrusive probes such as Pitot tubes and hotwire 
anemometers, while commonly used for measuring physi-
cal quantities in supersonic jets, introduce several compli-
cations. In supersonic flows, a bow shock inevitably forms 
ahead of the probe, causing the measured pressure to deviate 
from the true total pressure and resulting in a reduction in 
the recorded value (Rathakrishnan 2019). Additionally, the 
presence of shock waves and rapid transitions from super-
sonic to subsonic flow can lead to substantial measurement 
errors. To minimize blockage effects, the ratio of the jet’s 
cross-sectional area to the projected area of the Pitot probe 
must exceed 64 (Rathakrishnan 2019). Furthermore, the 
insertion of probes disturbs the flow field, altering the jet 
characteristics and compromising measurement fidelity. A 
critical limitation of conventional Pitot tubes is their inher-
ently low temporal resolution, which renders them unsuit-
able for capturing dynamic shock oscillations. As a result, 
pressure-based diagnostic techniques to obtain unsteady 
shock characteristics have relied on two approaches: (1) 
embedding flush-mounted pressure sensors at the wall sur-
face near the shock foot (Dolling et al. 1985; Dolling and 
Smith 1989), and (2) employing a movable static pressure 
port along the duct centerline, known as a movable through-
tube, to enhance temporal resolution (Matsuo et al. 1993). 
While both methods have demonstrated effectiveness in 
detecting shock-induced oscillatory phenomena, they are 
fundamentally limited to pointwise measurements and can-
not resolve the spatially distributed and temporally evolving 
nature of shock wave dynamics.

In contrast, standard shadowgraphy and schlieren meth-
ods (Settles 2001) are effective visualization techniques for 
studying supersonic flows and are frequently employed for 
the validation of numerical simulations. However, these 
methods predominantly emphasize the qualitative aspects 
of the flow. On the other hand, the application of optical 
diagnostic techniques utilizing tracer particles, such as Laser 
Doppler Anemometry (LDA), Particle Image Velocimetry 
(PIV), and Laser-Induced Fluorescence (LIF), to measure 
physical quantities within supersonic jets presents several 
significant challenges (Feng and McGuirk 2016; Yoo et al. 
2010; Yüceil 2017). Firstly, ensuring that tracer particles 
accurately and promptly follow the flow dynamics is par-
ticularly difficult in regions where the flow transitions rap-
idly from supersonic to subsonic before and after a strong 
shock wave. Secondly, discrepancies between the dimen-
sions and density of the tracer particles and the fluid can 
lead to erroneous measurements, as the particles may not 
perfectly mimic the fluid’s motion. To overcome the limita-
tions of PIV, which suffers from the so-called velocity slip 

error immediately after a shock wave due to its reliance on 
tracking solid or liquid particles, research has been con-
ducted on molecular tagging velocimetry (MTV) (Lempert 
et al. 2002), which tracks molecules instead. Sakurai et al. 
(2015) developed an MTV system using acetone as a tracer 
molecule and quantitatively compared the velocity distribu-
tions obtained by MTV and PIV around the Mach disk in 
an underexpanded jet. Their results demonstrated that the 
velocity distribution obtained by PIV scarcely captured the 
sharp velocity drop caused by the shock wave, in contrast to 
the MTV measurements. Furthermore, the development of 
MTV systems using krypton as a tracer molecule suggests 
promising future advancements in this technique (Parziale 
et al. 2015).

Laser interferometry with infinite-fringe settings can vis-
ualize the flow while capturing the density field simultane-
ously. Szumowski et al. (1995) elucidated the shock behavior 
exhibiting three representative oscillation patterns within 
the Laval nozzle using the Mach-Zehnder interferometry 
with the infinite-fringe setting. However, this technique has 
the drawback of poor spatial resolution and requires prior 
knowledge of whether the density in the flow field is increas-
ing or decreasing to obtain accurate density measurements. 
On the other hand, laser interferometry using finite-fringe 
settings can produce high-resolution density fields. Still, it 
is challenging to determine the magnitude of phase shifts 
relative to the background fringes. Consequently, there is 
active development of measurement techniques to investi-
gate regions dominated by shock waves without the use of 
tracer particles. It is noteworthy that Settles’ seminal work 
on flow visualization introduces a practical method for gen-
erating interference fringes by integrating a Wollaston prism 
into a schlieren optical system—a technique known as Wol-
laston Prism Shearing Interferometry (WPSI) (Settles 2001). 
While WPSI provides access to the density gradient field 
rather than the density field itself, it is highly effective for 
visualizing flow fields with strong density gradients, such 
as shock waves, and has been applied to the visualization of 
shock structures around spiked blunt bodies in supersonic 
flows (Srulijes et al. 2000).

Recently, quantitative visualization methods have been 
developed to analyze the time-averaged structure of shock 
waves in external flows. These methods include background-
oriented schlieren (Ota et al. 2011; Settles and Hargather 
2017), rainbow schlieren deflectometry (Takeshita et al. 
2023), and Mach-Zehnder interferometry (Takeshita et al. 
2019; Telega et al. 2022). Takeshita et al. (2019) employed 
finite-fringe Mach-Zehnder interferometry to obtain time-
resolved measurements of the density field associated with a 
shock train in a constant-area straight duct. However, due to 
the alignment of the reference fringe wavefronts perpendicu-
lar to the flow direction, accurate detection of fringe shifts 
near the shock waves was limited. A close inspection of the 
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recorded interferograms reveals noticeable distortions in the 
fringe patterns near the shock waves. While such distortions 
may, in general, be attributed to steep optical density gra-
dients, it is also prudent to consider that, under low-density 
and high Mach number conditions, chemical and vibrational 
relaxation processes could contribute to fringe deformation. 
In the case of Takeshita et al. (2019), however, the Mach 
number is relatively low (approximately 1.5), and thus the 
influence of such relaxation effects is expected to be neg-
ligibly small. Telega et al. (2022) successfully measured a 
stationary normal shock in a two-dimensional Laval nozzle 
using Mach-Zehnder interferometry with a finite-fringe set-
ting. By configuring the optical system to align the refer-
ence interference fringe wavefronts perpendicular to the flow 
direction, they achieved precise acquisition of the density 
field near the shock waves. However, they did not investigate 
the unsteady characteristics of the shock waves.

In recent developments, Focused Laser Differential Inter-
ferometry (FLDI) (Parziale et al. 2013; Settles and Fulghum 
2016; Marsh et al. 2024) has emerged as a highly effec-
tive optical diagnostic technique for capturing small-scale 
density fluctuations in high-speed flow environments. In a 
comprehensive review, Benitez et al. (2025) present recent 
advancements in FLDI theory, instrumentation, and practical 
applications, encompassing multi-point measurement con-
figurations, computational modeling approaches, and inte-
gration with complementary diagnostic methods. Particular 
emphasis is placed on FLDI’s utility in investigating hyper-
sonic boundary-layer transition, characterizing freestream 
turbulence, and analyzing reacting flows. In parallel, Quad-
rature Fringe Imaging Interferometry (QFII) (Wang et al. 
2022) is gaining attention as a promising technique for high-
precision measurement of steep refractive index gradients, 
particularly those occurring across shock fronts.

In this study, we propose a method for measuring tran-
sient shock-dominated flows in a confined duct using Mach-
Zehnder interferometry with the finite-fringe setting. A 
two-dimensional Fourier transform method is employed to 
analyze fringe shifts in the interference fringes, irrespec-
tive of the orientation of the reference fringe wavefronts. 
In addition, we demonstrate intriguing visualization repre-
sentations, including pseudo-infinite-fringe interferograms, 
bright-field schlieren, and density fields with phase informa-
tion. Furthermore, the oscillatory characteristics of a shock 
motion are demonstrated using the Lagrangian and Eulerian 
approaches. Finally, an uncertainty analysis is performed on 
the density field obtained using the current Mach-Zehnder 
system.

2 � Experimental methods

2.1 � Experimental facility

Experiments were carried out in an intermittent blowdown 
compressible air facility with a Mach-Zehnder interferom-
eter. The air supplied by a compressor that pressurizes the 
ambient air to 2.0 MPa is filtered, dried, and stored in a 
reservoir with a total capacity of 4 m3 . The high-pressure 
dry air from the reservoir enters a plenum chamber through 
a coupling, as shown in Fig. 1, and is then stagnated and 
exhausted to the atmosphere through a test section. In the 
present experiment, the plenum pressure ( pos ) is controlled 
and maintained constant during testing by a solenoid valve.

As shown in Fig. 2, a test section is a two-dimensional 
half duct with straight bottom and divergent upper walls. 
The duct has heights of 18.0 mm, 6.0 mm, and 12.0 mm at 
the inlet, throat, and exit, respectively, which is a constant 

Fig. 1   Schematic drawing of 
the experimental apparatus with 
Mach-Zehnder interferometer. A 
He-Ne laser with a wavelength 
of 632.8 nm is used as the light 
source. BS1 and BS2 denote 
beamsplitters, M1 and M2 plane 
mirrors. High-pressure dry air is 
supplied to the plenum chamber 
through the coupling
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spanwise width of 15 mm over the full length from the inlet 
to the exit. The design Mach number derived from the exit-
to-throat area ratio is 2.2. The test section was manufac-
tured from a brass block using a cut-processing machine 
(Kitamura Machinery, Mycenter-3XG) with a positioning 
accuracy of ±2� m and a repeatability of ±1� m. The area 
surrounded by the solid blue line represents an optical win-
dow, and the flow field in a part of this area is measured by 
Mach-Zehnder interferometry.

Experiments are performed at an operating pressure ratio 
of pos∕pb = 1.5 within an accuracy of 1.0 % to produce a 
shock wave downstream of the throat. The back pressure 
pb is 101.8 kPa ± 0.5 kPa and the room temperature Tb is 
298.3 K within an accuracy of about 0.1 K during the experi-
ments. The Reynolds number based on the height and flow 
properties at the throat is Reth = 1.35 ×105 . Experiments are 
repeated at least five times for the same operating pressure 
ratio to obtain statistics such as time average, standard devia-
tion, precision error, etc.

2.2 � Optical instrumentation

Mach-Zehnder interferometry based on the finite-fringe set-
ting is used to visualize quantitatively time-resolved density 
fields with an oscillating shock in a confined duct. A Helium-
Neon (He-Ne) laser (Sigma Koki, model 05-LHP-925), char-
acterized by a wavelength of 632.8 nm, an output power of 
5 mW, and a beam diameter of 0.48 mm, is employed as the 
light source. As shown in Fig. 1, after passing through a con-
vex lens, the beam is collimated by an achromatic lens with 
a diameter of 100 mm and a focal length of 500 mm before 
reaching the first beamsplitter (BS1), which divides it into 
reference and test beams. The reference beam is reflected by 
the plane mirror (M1), directed to the second beamsplitter 
(BS2), traversing a quiescent atmosphere with uniform density. 

Meanwhile, the test beam is reflected by plane mirror (M2) 
and passes through the test section to the second beamsplitter 
(BS2), where the two beams overlap again.

The propagation direction for the reference and test beams 
just before entering the camera can be altered by rotating M1 
and M2 around a vertical axis or a horizontal plane, respec-
tively. In the present experiment, the fringe spacing and direc-
tion of the interferograms on the camera’s recording device 
are controlled by adjusting the angle of M1, which alters the 
propagation direction of the reference beam. Interferograms of 
the flows through the test section are recorded in 5,000 pictures 
with 24,000 frames per second and an exposure time of 3.21 � s 
via a high-speed camera (Photoron, Fastcam SA1.1).

3 � Fringe shift analysis

3.1 � Interaction between reference and test beams

When the test beam passes through a test section with a vari-
able refractive index field, the background fringes are changed 
into deformed fringe patterns. As shown in Fig. 3a, for sim-
plicity, we first consider the reference and test beams after the 
beams pass through the BS2 (see Fig. 1) as plane waves. The 
coordinate x is the direction of the optical axis, in which the 
test beam propagates after being reflected at Mirror 2 (M2) 
as shown in Fig. 1. The coordinates y and z form the vertical 
plane perpendicular to the x direction. The reference beam 
Ψr travels in the direction that forms angles � , � , and � with 
respect to the x-, y-, and z- axes, respectively, and the test beam 
Ψt propagates in the positive direction of the x axis.

If the reference and test beams have the same phase �0 at x 
= t = 0 without being influenced by the refractive index fields, 
they can be expressed as follows:

where � and a are an angular frequency and an amplitude 
of light in still air, and t is the time. In addition, kr and kt 
are the angular wave vectors, and r is the position vector, 
which are given by

Here, �a is the wavelength of light in still air.
As shown in Fig. 3a, if the test beam undergoes a path dif-

ference d in propagation distance through changes in refrac-
tive index, the resultant test wave Ψ�

t
 becomes

(1)Ψr(r, t) = a exp
[
i
(
kr ⋅ r − �t + �0

)]

(2)Ψt(r, t) = a exp
[
i
(
kt ⋅ r − �t + �0

)]

(3)

kr =
2�

�a
(cos �, cos �, cos �), kt =

2�

�a
(1, 0, 0), r = (x, y, z)

Fig. 2   Schematic drawing of the test section with the dimensions in 
millimeters. The test section has a constant spanwise width of 15 mm 
from the inlet to the exit and a design Mach number of 2.20
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If Ψr and Ψt are superimposed on a recording medium 
located at x = 0, resultant intensity field can be expressed as

This intensity varies in a sinusoidal form. Therefore, there 
are local maxima at the following conditions.

where m is an integer. Substitution of Eq. (3) into Eq. (6) 
leads to

This implies that the intensity distribution has the maximum 
brightness on the straight line, as shown in Fig. 3b.

Using Eq. (7), the interval b between the background 
fringes on the medium (x = 0) is given by

The interval b becomes narrower with increasing � and � 
for 0 < 𝛽, 𝛾 < 𝜋∕2 , and it shows infinite-fringe patterns for 
� = � = �/2.

Similarly, from Eqs. (1) and (4), the intensity field expe-
riencing changes in refractive index is given by

The comparison of Eqs. (5) and (9) shows that gt can be 
translated by a phase

(4)Ψ
�

t
(r, t) = a exp

[
i

(
kt ⋅ r − �t + �0 −

2�

�a
d

)]

(5)
gr(y, z) =

||Ψr(r, t) + Ψt(r, t)
||
2
= 2a2 + 2a2 cos

[(
kt − kr

)
⋅ r
]

(6)
(
kt − kr

)
⋅ r = 2�m

(7)ym cos � + zm cos � = m�a

(8)b =

�a√
cos2 � + cos2 �

(9)
gt(y, z) =

||Ψr(r, t) + Ψ
�

t
(r, t)||

2

=2a2 + 2a2 cos

[(
kt − kr

)
⋅ r −

2�

�a
d

]

or it can be converted into the corresponding path difference

Substitution of Eqs. (3) and (10) into Eq. (9) yields

on the recording medium (x = 0) where Y = 2 � cos �∕�a and 
Z = 2 � cos �∕�a.

3.2 � Fourier transform method

Background and deformed fringe patterns taken with a digi-
tal camera are illustrated in Fig. 3b as the red solid and dot-
ted lines, respectively, and denote lines of constant phase 
at x = 0 and t = t0 . The interval b in Fig. 3b represents the 
distance between two successive crests of the background 
fringes, and it is a function of the intersection angles ( � and 
� ) between the reference and test beams and the wavelength 
( �a ) of the laser light used in the experiment. When the 
recording medium is not x = 0 but at a fixed position and the 
reference and test beams have a different phase, the inten-
sity profiles g(y, z) for the background fringe and deformed 
fringe patterns can be given by

where Δ is the phase difference between the background 
fringe and deformed fringe patterns at the recording medium 
and it includes phase changes by optical imperfections of 
the instrument.

(10)𝜑̃(y, z) ≡ 2𝜋

𝜆a
d

(11)d̃ =
b

2𝜋
𝜑̃(y, z)

(12)gt(y, z) = 2a2 + 2a2 cos
[
Yy + Zz − 𝜑̃(y, z)

]

(13)gr(y, z) = g0(y, z) + g1(y, z) cos
[
Yy + Zz + Δ

]

(14)gt(y, z) = g0(y, z) + g1(y, z) cos
[
Yy + Zz + Δ − 𝜑̃(y, z)

]

Fig. 3   Conceptual diagram 
illustrating the two-dimensional 
Fourier transform from spatial 
to Fourier domain for both 
background and deformed 
fringe patterns, showing (a) 
interaction between reference 
and test beams, (b) resulting 
fringe patterns on the detector 
plane at x = 0, and (c) their 
spectral representations in the 
Fourier domain, with coordi-
nate system defined such that x 
denotes the optical axis direc-
tion, y the vertical direction, and 
z the flow direction
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In this expression, g0(y, z) and g1(y, z) are used instead 
of a2 in the first and second terms on the right-hand side of 
Eqs. (13) and (14), because the amplitude is modulated by 
a non-uniform light source, bias light, and noise (Telega 
et al. 2022).

The phase shift 𝜑̃(y, z) contains only the desired infor-
mation on the density field. The intensity profile of the 
deformed fringe pattern expressed as Eq.  (14) can be 
rewritten in the following expression:

with

where, i is the imaginary unit and the asterisk * denotes the 
complex conjugate.

The two-dimensional (2D) Fourier transform of 
Eq. (15) with respect to y and z is given by:

where the capital letters denote the 2D Fourier transforms 
of the respective primitive functions, e.g.,

with v and w being the spatial frequency coordinates. It 
should be noted that ct∗ is the complex conjugate of ct , 
while Ct

∗ represents the 2D Fourier transform of ct∗ . If ct 
is a complex variable, then the complex conjugate of the 
2D Fourier transform Ct of ct is not equal to Ct

∗ . If the com-
plex conjugate of Ct is C̄t , then it can also be expressed as 
C∗

t
(v + Y ,w + Z) = C̄t(−v − Y ,−w − Z).
Since the spatial variations in g0(y, z) , g1(y, z) , and 

𝜑̃(y, z) are slow compared with the spatial frequency Y and 
Z when the interval between fringes is sufficiently small, 
the Fourier spectra in Eq. (17) have three independent 
peaks, as schematically shown in Fig. 3c (Takeda 2013). 
We make use of either of these two spectra on the carrier, 
e.g., C(v − Y ,w − Z) , and translate it by (Y,Z) on the wave-
number axis toward the origin to obtain C(v, w) as shown 
in Fig. 3c for the case Δ = 0 as a representative example.

Applying the inverse 2D Fourier transform of Ct(v,w) 
with respect to v and w to obtain ct(y, z) and taking the 
logarithm of Eq. (16) leads to

(15)
gt(y, z) =g0(y, z) + ct(y, z) exp

[
i(Yy + Zz)

]

+ ct
∗
(x, y) exp

[
−i(Yy + Zz)

]

(16)ct(y, z) =
g1(y, z)

2
exp

[
i(Δ − 𝜑̃(y, z))

]

(17)
Gt(v,w) = G0(v,w) + Ct(v − Y ,w − Z) + C∗

t
(v + Y ,w + Z)

Gt(v,w) = ∫
∞

−∞
∫

∞

−∞

gt(y, z)e
−i(vy+wz)dydz

gt(y, z) =
1

4�2 ∫
∞

−∞
∫

∞

−∞

Gt(v,w)e
i(vy+wz)dvdw

Consequently, the phase shift 𝜑̃(y0, z) in the imaginary part 
of Eq. (18) can be completely separated from the unwanted 
amplitude variation g1(y0, z) in the real part.

A similar operation can be applied to the background fringes 
to obtain Δ . Finally, the phase shift 𝜑̃(y, z) can be obtained 
by the following relation:

To accurately estimate variations in optical path lengths 
for reconstructing density fields, it is essential to employ 
a phase-unwrapping procedure. This process is crucial for 
restoring continuous two-dimensional phase distributions. 
Phase map unwrapping involves converting the folded phase 
distribution back to its original continuous form, thereby 
eliminating any 2 � jumps. In this study, we use a publicly 
available Python code implementing the phase-unwrap-
ping algorithm proposed by Herráez et al. (2002), which 
has proven capable of reliably and accurately unwrapping 
phase data even in regions affected by measurement noise 
and large discontinuities such as the significant and discon-
tinuous phase jumps across the shock front. Notably, Léon 
et al. (2022) have demonstrated that this algorithm can yield 
precise density fields even in areas with strong shock waves, 
such as Mach disks in underexpanded jets.

3.3 � Reconstruction of density fields

The phase shift is related to variations in optical path lengths 
through the refractive indices n(y, z) in the test section and 
na in the atmosphere, as follows (Merzkirch 2012):

where L = 15 mm is the spanwise length of the test section, 
and �0 is the wavelength of a light source in a vacuum.

Carroll and Dutton (1990) investigated the interaction 
between a shock wave and turbulent boundary layers in a 
confined duct, under conditions where the freestream Mach 
number immediately upstream of the shock was 1.6, and the 
relative boundary-layer thickness was 0.40, normalized by 
the duct half-height. Their surface oil flow visualizations 
on both the upper and lower walls of the duct revealed that 
the flow structures within the shock-boundary-layer inter-
action region are predominantly two-dimensional, with 
the exception of small corner regions located beneath the 
foot of the first shock. Similarly, Atkin and Squire (1992) 

(18)ln ct(y, z) = ln
g1(y, z)

2
+ i

[
Δ − 𝜑̃(y, z)

]

(19)Δ − 𝜑̃(y, z) = Im

[
ln ct(y, z)

]

(20)
Im

[
ln cr(y, z)

]
− Im

[
ln ct(y, z)

]
= Δ −

[
Δ − 𝜑̃(y, z)

]
= 𝜑̃(y, z)

(21)
𝜑̃(y, z)

2𝜋
𝜆0 = ∫

x+L

x

[
n(y, z) − na

]
dx
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examined shock wave/boundary-layer interactions over 
a range of incoming flow Mach numbers from 1.3 to 1.5. 
Their measurements of static pressure distributions along 
the tunnel span downstream of the shock indicated that the 
flow remains essentially two-dimensional across the central 
88% of the tunnel width. In particular, for an incoming flow 
Mach number of 1.5, the flow maintains its uniform charac-
ter across the span, with only minor deviations observed near 
the sidewalls. Accordingly, the analysis described below 
focuses on variations in the vertical (y) and streamwise (z) 
directions, under the premise that the flow field is spanwise 
uniform and the influence of sidewall boundary layers is 
minimal.

The density field in the test section is represented by

according to the Gladstone-Dale formula (Merzkirch 2012) 
given by n(y, z) = 1 + K�(y, z) with the constant K ( = 
2.2587 ×10−4 m3/kg).

To obtain a two-dimensional unsteady density field, it is 
necessary to know the reference density at a particular loca-
tion at time t = 0. In the present experiments, the theoretical 
density value at the throat position is used as the reference 
density, because the flow from the plenum chamber to the 
throat can be assumed to be a steady isentropic flow. When 
the density at the throat position (y∕h∗, z∕h∗) = (0.5,0) and 
time t = 0 is specified as �∗ and the corresponding phase 
shift is 𝜑̃∗ , the two-dimensional unsteady density field at any 
time t can be expressed as

where the theoretical value of �∗∕�os is 0.6339 for a gas with 
a specific heat ratio of 1.4.

Since Eq. (23) shows that the phase shift at a fixed time 
is directly proportional to the flow density at the same time, 
characteristics of an unsteady flow field including an oscil-
lating shock can be evaluated by examining the time history 
of the fringe shift. An image of the flow field in the test 
section by the Mach-Zehnder interferometer is formed onto 
the CMOS sensor of a high-speed camera (Photron, Fastcam 
SA1.1) which records a JPEG RGB image (8-bit each color) 
at a resolution of 1024 × 288 square pixels. The plane of 
focus is located in the front window of the test section. The 
RGB image is then turned into an 8-bit grayscale image by 
a linear transformation. Therefore, the distributions of back-
ground and deformed fringes with 256 different possible 
intensities can be calculated from the interferogram images 
for the density field in the test section.

Before reconstructing the density field using Eq.  23, 
Block-Matching and 3D (BM3D) filtering is employed to 

(22)𝜌(y, z) = 𝜌a +
𝜆0

2𝜋KL
𝜑̃(y, z)

(23)
𝜌(y, z, t)

𝜌os
=

𝜌∗

𝜌os
+

𝜆0

2𝜋KL𝜌os

[
𝜑̃(y, z, t) − 𝜑̃∗

]

suppress noise. BM3D is a state-of-the-art denoising tech-
nique that groups similar image patches into a three-dimen-
sional array and performs noise reduction via collaborative 
filtering in the transform domain. Renowned for its high 
accuracy and excellent preservation of fine structural details, 
BM3D has become a widely adopted method in natural 
image denoising. For a comprehensive description of the 
algorithm, refer to Mäkinen et al. (2020). In this study, Total 
Variation (TV) filtering was also applied for comparative 
purposes. However, the reconstructed density fields showed 
no significant differences between the BM3D and TV filter-
ing approaches. The effective spatial resolution of the pre-
sent Mach-Zehnder interferometer is approximately 31 �m/
pixel in the object plane, which can be evaluated based on 
the physical and image dimensions of the test section. The 
time-resolved density fields are reconstructed from interfero-
gram images using a custom-developed Python tool specifi-
cally designed and implemented in the authors’ laboratory 
to support high-resolution optical diagnostics. This tool is 
intended to be made publicly accessible in the near future, 
following further refinement, validation, and documentation 
to ensure usability and reproducibility. A flowchart illustrat-
ing the entire process—from the acquisition of time-resolved 
finite-fringe images to the reconstruction of the correspond-
ing density field—is provided in the Appendix for reference.

Note that when using images obtained by infinite-fringe 
Mach-Zehnder interferometry, the density fields can be 
evaluated (Smits and Lim 2012) by

in a nondimensional form where the integer i corresponds 
to the number of interference fringes measured relative to a 
known reference density, �r . For the plus and minus signs, 
a minus sign is used when the density decreases from the 
reference density, and a plus sign is used when the density 
increases. Since isodensity lines appear in the interferograms 
of the flow field taken with the infinite-fringe setting, the 
densities of adjacent fringes are evaluated sequentially using 
Eq. (24) under the assumption that the densities on a single 
fringe are equal. However, as described below, isodensity 
lines have a certain width, which causes a large error in 
determining the density value.

The number of interference fringes is counted from the 
reference point to establish the density at each point in 
the flow field. The sign of the change in the phase shift is 
ambiguous, making it essential to understand the flow field 
when interpreting the results. However, the information 
needed to determine if the density is increasing or decreas-
ing from the reference point is often derived from a basic 
understanding of fluid mechanics (Smits and Lim 2012).

(24)
�i

�os
=

�r

�os
±

�0

KL�os
(i − 1)
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It should be emphasized that the two-dimensional Fou-
rier transform method employed in this study is theoretically 
formulated for a continuous and infinite spatial domain. In 
practice, however, the interferogram images are acquired 
over a discrete and finite domain, which inevitably intro-
duces spectral artifacts into the spatial FFTs. These artifacts 
include spectral leakage due to abrupt truncation, sidelobes 
surrounding the principal frequency components, and poten-
tial aliasing effects. To mitigate these issues, appropriate 
windowing functions and careful spectral filtering tech-
niques are essential. In the present study, we acknowledge 
the influence of rectangular windowing and have taken delib-
erate measures to isolate and extract the principal spectral 
components while minimizing the impact of these artifacts.

4 � Results and discussion

4.1 � Interferograms of shock‑dominated flows

The finite-fringe interferograms without and with shock-
dominated flows in a divergent half duct are shown in Fig. 4a 
and b, respectively. Figure 4a indicates parallel interference 
fringes set at � = 45◦ to the lower wall surface. The spacing 
between two successive fringes is b = 263 � m. In Fig. 4b, 
the flow direction is from left to right. Comparing Fig. 4a 
and b, the interference fringes in the rectangular area sur-
rounded by the blue dashed line are distorted due to the 
presence of a shock.

An example of interferograms taken by the Mach-
Zehnder interferometry with an infinite-fringe setting is 
given in Fig. 5 with the flow direction from left to right. 
The experimental condition closely resembles that depicted 
in Fig. 4. Figure 5a and b displays the infinite-fringe inter-
ferograms taken without flow and with flow, respectively. 
These images experimentally capture the change in fringe 
patterns before and after the onset of flow, following the 
adjustment of the optical system to produce infinite fringes. 
Note that infinite-fringe patterns can be generated by gradu-
ally increasing the spacing between fringes in a finite-fringe 
interferogram, such as that shown in Fig. 4a, through opti-
cal system adjustment. Due to the slight shock oscilla-
tion around its time-averaged position, Fig. 5b represents 
a selection of several thousand images captured when the 
shock was nearly in the same location as shown in Fig. 4b. 
Comparing Figs. 4b, 5b shows a typical � shock with large 
branches toward the upper wall, convex downstream in the 
central part, and smaller branches toward the lower wall, 
giving an obvious picture of the overall shape of the shock. 
The infinite-fringe interferogram can provide information 
on shock configurations. In addition, one can see how isop-
ycnics change before and after the shock. Flow separation 
occurs from the foot of the leading shock of the upper branch 

Fig. 4   Finite-fringe interferograms a without flow and b with flow 
including a shock. The background fringes are tilted at an angle of 
� = 45◦ relative to the lower wall surface. The interval between two 
adjacent fringes is b = 263 � m. The shock exists in the rectangular 
area surrounded by the blue dashed line. The interferogram of (b) is 
taken with an exposure time of 1.0 � s. The incoming flow Mach num-
ber just upstream of the shock is approximately 1.47

0
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(b) Shock

Fig. 5   Infinite-fringe interferograms a without flow and b with flow 
including a lambda shock. The lambda shock exists in the rectangu-
lar area surrounded by the blue dashed line. The interferogram of b 
is taken with an exposure time of 1.0 � s. The incoming flow Mach 
number just upstream of the shock is approximately 1.47. The den-
sity difference between the two white circles is Δ�∕�os = 0.105 as a 
dimensionless value
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shock. Given Eq. (24), the dimensionless density difference 
between two successive fringes is given by

in the case of the present experiments. This value represents 
the difference in density between the two positions marked 
by the white circles in Fig. 5b.

The 2D Fourier transforms of the background and 
deformed fringe patterns, as shown in Fig. 4a and b, are 
presented in Fig. 6a and b, respectively. We can observe the 
spectra of the fringe patterns containing the phase modula-
tion, respectively. The values of the spectra are highlighted 
using a logarithmic display. The correspondence between 
spectral magnitude and color is shown above the figure. 
The spectrum obtained from the two-dimensional Fourier 
transform of the fringe image is predominantly characterized 
by three distinct peaks: one located at the origin and two 

(25)
Δ�

�os
=

�0

KL�os
= 0.105

symmetrically positioned on either side. The central peak 
corresponds to the direct current (DC) component, repre-
senting the very low-frequency content and the spatially 
averaged intensity of the entire image (Telega et al. 2022). 
The two lateral peaks, referred to as the principal compo-
nents, contain the primary fringe information. These compo-
nents are distributed along a straight line inclined at an angle 
� with respect to the w-axis. As depicted in Fig. 4a, this 
angle coincides with the direction normal to the wavefronts 
of the interference fringes. It is noteworthy that the spectral 
features indicated by red circles in Fig. 6a and b are artifacts 
introduced by the application of a rectangular window prior 
to the Fourier transformation of the finite-fringe interfero-
grams shown in Fig. 4a and b. These artifacts arise due to 
the abrupt truncation of the image domain, which induces 
spectral leakage. The influence of the rectangular window 
further manifests as secondary features—commonly referred 
to as sidelobes—appearing as yellow streaks emerging from 
the DC and principal components in the spectral domain. 

Fig. 6   Power spectra in modu-
lus for the interferograms a 
without flow and b with flow, 
including the bird-eye views c 
and d corresponding to a and 
b, respectively. A logarithmic 
scale is used to represent the 
amplitude of the spectrum. 
The red circles in a and b, and 
the down-pointing arrows in c 
and d represent the spectra for 
artifacts
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Comparison of Fig. 6a and b shows that fringe deformation 
changes the shape and magnitude of the peaks. Bird’s-eye 
views of Fig. 6a and b are shown in Fig. 6c and d for refer-
ence where the down-pointing arrows represent the spectra 
for spurious fringes.

When comparing Cr1(v − Y ,w − Z) and Ct1(v − Y ,w − Z) 
in Fig. 6a and b, it can be seen that Cr1(v − Y ,w − Z) is con-
centrated almost as a point, while Ct1(v − Y ,w − Z) spans 
a wider area than Cr1(v − Y ,w − Z) . In Fig. 4, the smaller 
the spacing (b) between two adjacent stripes of the back-
ground fringe, the more clearly Ct1(v − Y ,w − Z) and 
Ct1(v + Y ,w + Z)∗ can be separated from G0(v,w) and the 
phase information can be extracted. In contrast, if the spacing 
between the strips is greater, a portion of Ct1(v − Y ,w − Z) 
and C∗

t1
(v + Y ,w + Z) will overlap G0(v,w) , making it impos-

sible to obtain phase information 𝜑̃(y, z) (Winckler 1948; 
Sugawara et al. 2020). Note that when the stripe spacing is 
increased, infinite-fringe interferograms are produced.

4.2 � Flow visualizations

Engaging visualizations can be developed based on Eq. (16). 
The pseudo-infinite-fringe interferograms of the shock-dom-
inated flow in the divergent half duct are shown in Fig. 7a 
and b with the flow from left to right where these interfero-
grams are 90◦ out of phase with each other. Black and white 
patterns indicate rough isodensity lines. From both figures, 
a two-dimensional shock structure bifurcating near the upper 
and lower wall surfaces can be clearly observed at x∕h∗ = 
around 2.0. Furthermore, at the location of the throat ( x∕h∗ 
= 0), the stripes are oblique rather than parallel to the y-axis 
because the curvature of the upper wall produces the vertical 
density gradient. In contrast, the finite-fringe interferogram 
in Fig. 4b does not reveal detailed flow and shock structures.

Figure 7c illustrates the visualization method known as 
domain coloring (Wegert 2012). This method effectively 
displays vector fields by showing both the magnitude and 
direction of the vectors simultaneously. The amplitude 
( |ct(y, z)| ) and phase ( arg ct(y, z) ) of ct(y, z) are presented 
together. In other words, the information from Fig. 7a and b 
is comprehensively included in Fig. 7c. Notably, the phase 
arg ct(y, z) is given only modulo � since a rough visualiza-
tion of the flow field is needed; precise phase information is 
unnecessary in this stage. Continuous phase connections are 
established when reconstructing the density field. In Fig. 7a 
and b, there are only two colors of isodensity lines—black 
and white. In contrast, Fig. 7c features multiple isodensity 
lines in various colors, such as red, blue, yellow, and green. 
This variety of colors enables a more detailed observation 
of the flow field.

Figure 8a presents the density field obtained from Fig. 4 
through the analytical procedure detailed in Section 3. The 
density field is normalized to the stagnation density ( �os ) 

in the plenum chamber, located far upstream of the throat. 
The contour values correspond to the color scale displayed 
at the top of the figure. It should be noted that Fig. 8a is 
visually identical to Fig. 7, but it is presented quantitatively 
by density.

Figure 8b and c shows the density gradients in the z- 
and y-directions, respectively, derived from the density 
field in Fig. 8a. These correspond to vertical and hori-
zontal schlieren images obtained using a conventional 

Fig. 7   Pseudo-infinite-fringe interferograms for a real part Re ct(y, z) , 
b imaginary part ℑ ct(y, z) , and c domain coloring for ct(y, z)
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grayscale schlieren method with a knife edge. Figure 8d 
presents the nondimensional Laplacian of the density field, 
defined as the sum of its second-order partial derivatives in 
the z- and y-directions, expressed by the relation

This quantity corresponds to the shadowgraph image.

(26)
(h∗)2

�os
Δ� =

(h∗)2

�os

(
�2�

�y2
+

�2�

�z2

)

Figure 8b∼(d) are all dimensionless, as indicated by 
the color bars above each figure. In shadowgraphy, shock 
waves always appear as dark lines accompanied by bright 
lines (Liepmann and Roshko 2001). In Fig 8d, the shock 
waves are represented by red lines corresponding to the 
bright lines and blue lines corresponding to the dark lines.

Shock structures and topology, including the spatial 
evolution of shock waves, shock-to-shock interactions, 

Fig. 8   Various flow visualizations corresponding to Fig. 4b with a density contour plots, b vertical cutoff schlieren, c horizontal cutoff schlieren, 
d shadowgraphy, and e bright-field schlieren, and f domain coloring with density contours
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and shock reflection and diffraction, can be quantitatively 
expressed through the magnitude of the density gradient 
vector given by

in nondimensional form (Sugawara et al. 2021). It indicates 
the degree of compression and expansion in every direction. 
This representation highlights the shock shapes and location 
of the onset of the expansion waves (Sugawara et al. 2021).

In general, the schlieren method displays the density 
gradient for a specific direction, such as perpendicular 
or parallel to the flow. However, Fig. 8e illustrates the 
magnitude of the density gradients in the radial direction, 
commonly referred to as the bright-field schlieren (Suga-
wara et al. 2021) or the circular cutoff schlieren (Settles 
and Hargather 2017). There are generally two methods 
for studying shock oscillations. The first method involves 
focusing on the time-averaged position of the oscillat-
ing shock and evaluating the density fluctuations at that 
position, which is known as Euler’s method. The second 
method focuses on the motion of the shock itself to capture 
its oscillations, referred to as Lagrange’s method. Bright-
field schlieren imaging is particularly effective for study-
ing shock oscillations using Lagrange’s method. The shock 
oscillatory characteristics obtained from both methods are 
discussed in Section 4.4.

By overlaying the density field contours from Fig. 8a 
onto Fig. 7c, we can create a domain coloring with density 
contours as Fig. 8f. From Fig. 8f, it can be clearly seen 
that the change in density is gradual until just before the 
shock wave, which causes a sudden and significant shift 
in density. This results in dense contour lines, a consider-
able flow separation at the upper wall, and the shock wave 
branching off near both the upper and lower walls.

4.3 � Density profiles

The streamwise density profiles at a constant height of 
y∕h∗ = 0.5 are shown in Fig. 9. The blue line represents an 
instantaneous density profile that corresponds to Fig. 8a. 
The red line indicates the time-averaged density profile 
calculated by

where M is the number of data points used in the calculation. 
The black line depicts the curve calculated using one-dimen-
sional isentropic theory. The error bars on the averaged den-
sity profile indicate the density standard deviation given by

(27)h∗

�os
|∇�| = h∗

�os

√(
��

�y

)2

+

(
��

�z

)2

(28)𝜌̄ =
1

M

M−1∑

i = 0

𝜌i

The theoretical density ratio at the duct throat ( z∕h∗ = 0) is 
equal to �∗∕�os = 0.634.

Note that the two white circles in Fig. 9 correspond to 
those in Fig. 5b. The density at the location of the first white 
circle is determined using the theoretical value shown in 
Fig. 9, while the density at the location of the second white 
circle is calculated using Eq. (25). The density predicted 
by Eq. (25) aligns closely with the density measured using 
finite-fringe Mach-Zehnder interferometry. The white circles 
are approximately located at the center of the dark fringe 
patterns in Fig. 5b, corresponding to z∕h∗ values of about 
0.25 and 1.0. Based on this, the spatial resolution in the 
z direction can be estimated as (1.0 − 0.25)×6 mm = 4.5 
mm, which is approximately 150 times lower than the 31 
� m resolution achieved by the finite-fringe interferogram.

We highlight here the fundamental difference in spatial 
resolution between the density fields reconstructed using 
the finite-fringe method and those obtained via the infinite-
fringe method. In the finite-fringe approach, spatial reso-
lution is governed by the pixel pitch of the digital image 

(29)
𝜎𝜌 =

������
M−1∑
i = 0

�
𝜌i − 𝜌̄

�2

M

Fig. 9   Streamwise density profiles from the throat ( z∕h∗ = 0) for y∕h∗ 
= 0.5. The background fringe is set to � = 45◦ . The blue and red lines 
are instantaneous and time-averaged density profiles, respectively, 
and the black line denotes the analytical curve calculated based on 
one-dimensional isentropic theory. Error bars relative to the time-
averaged density profile indicate the standard deviation of the density 
fluctuations. The two white circles correspond to the two white cir-
cles in Fig. 5b
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sensor and the focal length of the imaging lens, because den-
sity values are assigned on a per-pixel basis, the resolution 
remains isotropic and invariant with respect to the viewing 
direction. Conversely, in the infinite-fringe method, spatial 
resolution is dictated by the spacing between adjacent inter-
ference fringes in the recorded interferogram. This spacing is 
inherently anisotropic, as the fringe distribution is typically 
non-uniform and varies with the observation angle. Such 
directional dependence must be carefully considered when 
interpreting the reconstructed density fields, particularly 
in applications requiring high spatial fidelity. It should be 
noted that the pseudo-infinite-fringe image shown in Fig. 7c 
is analytically reconstructed from Eq. 16. Accordingly, the 
spatial resolution is uniformly 31 � m, regardless of location 
or direction, since it inherits the resolution characteristics of 
the finite-fringe method.

The instantaneous and time-averaged densities decrease 
with increasing distance in the flow direction from the throat 
position to z∕h∗ = about 1.7 just before a shock, almost like 
an isentropic curve. The difference between the experimen-
tal and theoretical values increases with increasing distance 
from the throat due to the viscous effect of the wall boundary 
layer. The shock wave oscillates back and forth in the flow 
direction (Ota et al. 2016; Yagi et al. 2017), resulting in a 
time-averaged density distribution that exhibits a slightly 
gentler density gradient and a marginally smaller increase in 
density compared to the instantaneous density distribution. 
Both distributions show a decrease in density immediately 
after the shock wave due to the effects of flow separation, 
followed by a gradual increase in density downstream. The 
freestream Mach number immediately before the shock can 
be estimated from the minimum of the time-averaged den-
sity distribution, assuming isentropic flow, to be M1 = 1.47. 
Assuming that the density �2 immediately after the shock is 
a normal shock for M1 = 1.47, the theoretical density ratio 
�2∕�os is calculated (Liepmann and Roshko 2001) as

with a specific heat ratio of � = 1.4. The theoretical value 
is about 20% higher than the experimental value. Possible 
reasons for this significant difference between the experi-
mental and theoretical values are that the shock surface is 
slightly tilted, not perpendicular to the flow, the effect of 
shock oscillation, and the fact that the shock interferes with 
the boundary layer to become a series of compression waves.

The flow upstream of the shock is supersonic and exhib-
its minimal oscillations. The magnitude of the error bars 
in the density profile significantly affects the Mach waves 
generated at the throat. These error bars can approximate 
the experimental uncertainty, suggesting that the density 

(30)
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uncertainty in this experiment is about 2.0% for atmospheric 
density. The uncertainties related to the experimental density 
are discussed in Section 4.5.

4.4 � Shock oscillations

Ota et al. (2016) investigated the behavior of an oscillat-
ing shock in a transonic diffuser using high-speed Mach-
Zehnder interferometry and high-speed laser schlieren 
techniques. The shock Mach number, or the incoming flow 
Mach number just upstream of the shock, is 1.1; hence, it is 
a typical normal shock. They also measured wall static pres-
sures beneath the oscillating normal shock. The dominant 
frequency of the normal shock oscillation, measured with 
the high-speed Mach-Zehnder interferometer, showed good 
quantitative agreement with the frequency obtained from 
the high-speed laser schlieren. However, the frequencies of 
the normal shock oscillation derived from the wall pressure 
measurements were significantly lower than those obtained 
from both the high-speed laser schlieren and the high-speed 
Mach-Zehnder interferometry. In this study, the oscillatory 
characteristics of an unsteady shock with an incoming flow 
Mach number of 1.47, where the shock is strong enough to 
separate the boundary layer, are investigated quantitatively 
via the Lagrangian and Eulerian methods.

A shock motion can be examined from the bright-field 
schlieren shown in Fig. 8b, because of the large density gra-
dient at the shock location. In this study, a threshold of a 
specific magnitude is established, and the shock motion is 
traced by identifying instances where the intensity exceeded 
this threshold as a shock. Figure 10a displays the shock 
motion at a height of y∕h∗ = 0.5 in Fig. 8b. The solid red 
line parallel to the vertical axis in Fig. 10a represents the 
time-averaged position of the shock motion. The dashed red 
lines represent the left and right limits, which are defined 
as the time-averaged shock position ( z∕h∗ = 1.97) minus 
and plus twice the standard deviation of the shock oscilla-
tion, respectively. If the shock motion follows a Gaussian 
distribution, the shock position falls within its limits with a 
95% probability. Note that according to Chauvenet’s crite-
rion, the shock will be within its limits with 75% probabil-
ity regardless of the distribution it follows (Coleman et al. 
2018). The time evolution of the density fluctuations at the 
time-averaged shock position ( z∕h∗ = 1.97) for y∕h∗ = 0.5 
is shown in Fig. 10b. The solid red line parallel to the hori-
zontal axis shows the time-averaged density. Note that the 
time-averaged density in Fig. 10b matches the density value 
at the location of the steepest slope in the time-averaged 
streamwise density profile (Matsuo et al. 1993).

The oscillatory phenomena of shock waves are often dis-
cussed using skewness (Sk) and kurtosis (Ku) (Verma et al. 
2018), defined, respectively, as
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and

with q̄ =

∑N

n = 1
qn∕N where N is the number of data points, 

q represents a physical quantity, and �q is the standard devia-
tion of q.

In statistical analysis, Sk and Ku are pivotal in char-
acterizing the shape and symmetry of a distribution. Sk 
fundamentally contributes to the asymmetry of a distribu-
tion. When Sk approaches zero, the distribution exhibits 
symmetry around its mean. For a unimodal distribution (a 
distribution with a single peak), a positive Sk value sig-
nifies a right-skewed distribution (or distribution biased 
to the left), characterized by a long right tail, whereas 
a negative Sk value indicates a left-skewed distribution 
(or distribution biased to the right) with a long left tail. 
The magnitude of skewness is directly proportional to the 
absolute value of Sk. On the other hand, Ku quantifies the 
concentration of data around the mean. A high positive Ku 
value denotes a distribution with a pronounced peak and 
a greater concentration of data near the mean, surpassing 
the characteristics of a Gaussian distribution. In contrast, 
a negative Ku value reflects a flatter distribution with a 
diminished peak and extended tails. Typically, the major-
ity of data points reside within two standard deviations of 
the mean ( ̄q ± 2𝜎q ). It is crucial to note that both Sk and Ku 
are zero for a Gaussian distribution. However, this condi-
tion alone does not suffice to confirm the Gaussian nature 
of the data. Specifically, while zero values of Sk and Ku 
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− 3

are necessary for a distribution to be Gaussian, they are 
not sufficient conditions.

For the shock motion in Fig. 10a, Sks = −0.313 and 
Kus = 0.145 . Consequently, it can be anticipated that the 
shock motion follows a Gaussian distribution. On the other 
hand, for density fluctuations in Fig. 10b, Sks = 0.27 and 
Kus = −1.31 . Therefore, while the distribution of density 
fluctuations is nearly symmetric around the mean, it can be 
anticipated that "if there is a single peak", its value will be 
smaller and the width of the fluctuations broader compared 
to a Gaussian distribution.

A more detailed discussion of shock oscillations and 
density fluctuations can be made using a probability den-
sity function, pdf, defined as

in the normalized form where q† = (q − q̄)∕𝜎q , Δq† = 0.1, 
m is the number of data in Δq† , and N is the number of data 
points. The area between the probability density function 
and the horizontal axis is 1.

The probability density functions for shock oscillations 
and density fluctuations are shown in Fig. 11 with red and 
blue circles, respectively. The solid red line denotes an 
approximate curve for the red circles, and the solid black 
line is the Gaussian distribution, given by

Here, pdf means the probability that the value of physical 
quantities that change with time, such as shock position ( zs ) 
and density ( � ), is within a certain quantity range ( Δq† ) at 
a certain time.

(33)
pdf

(
q†
)
= lim

Δq†→0

Prob

[
q† < q†(t) < q† + Δq†

]

Δq†

≈
m

NΔq†

(34)pdf (q†) =
1

√
2�

exp
�
−q†2

�

Fig. 10   Time histories for 
a shock oscillations and b 
density fluctuations where the 
experiment was performed at 
the background fringe pattern 
of � = 45◦ . The solid red line 
and dashed red lines in each 
graph denote the time-averaged 
quantity and the range of plus or 
minus two standard deviations, 
respectively
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Figure 11 shows that shock oscillations follow a nearly 
Gaussian distribution except in the vicinity of q† = 0, but 
density fluctuations are distributed with large peaks on each 
side of q† = 0. For the two peaks of the probability density 
function of density fluctuations, the peak value at the nega-
tive q† is higher than that at the positive q† . Experimental 
results similar to those of the present study were obtained 
in the past by Dolling et al. (1985), who investigated the 
unsteadiness of shock structure in attached and separated 
compression ramp flows using wall static pressure measure-
ments. They showed that the probability density distribution 
for the pressure fluctuations is bimodal at the location where 
the pressure fluctuation is maximum.

The frequency response of shock oscillations and density 
fluctuations can be evaluated using the power spectrum. The 
power spectral density G(f) of the fluctuation q(t) − q̄ from 
the mean value q̄ of a quantity q(t) can be derived from its 
Fourier transform Q(k) with the conjugate Q(k)∗ as follows:

where T (approximately 200 ms) represents the total dura-
tion of the measurement, N (5, 000) denotes the number 
of data points, k ranges from 0 to N∕2 − 1 , f is defined as 
kΔf = k∕(NΔt) , and Q(k) is the discrete Fourier transform 
of q(t) − q̄ , given by

The power spectral densities, Gs and G� , corresponding 
to the shock motions and density fluctuations, respectively, 
are depicted in Fig 12a and b. The results are plotted in 
the form fG∕�2 on linear-log axes. In this form, the area 
under a given curve segment is linearly proportional to the 
contribution of that particular frequency range to the over-
all signal variance �2 (Dolling and Smith 1989). Numer-
ous previous experiments have been conducted to inves-
tigate the unsteady characteristics of an oscillating shock 
by installing pressure sensors beneath the shock foot. 
However, it is challenging to predict the time-averaged 
shock position in advance, which often results in the sen-
sor locations not aligning with this average position. This 
limitation is an inherent drawback of using pressure sen-
sors to capture the spectral distribution of shock motion, 
as they cannot be deployed with high spatial resolution. 
In contrast, the present experiment utilizes a very high 
spatial resolution for density measurements. As a result, 
the power spectral density profiles obtained from both 

(35)G(f ) =
TQ(k) ⋅ Q∗

(k)

N2

Q(k) =

N−1∑

n = 0

(q(nΔt) − q̄) exp
[
−i

2𝜋kn

N

]

Fig. 11   Probability density functions for the shock oscillation (solid 
red line with red circles) and density fluctuation (blue circles) with 
Gaussian distribution (solid black line)

Fig. 12   Power spectral densities 
for a shock oscillations and 
b density fluctuations, which 
correspond to Fig. 10a and b, 
respectively
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Lagrangian and Eulerian methods are found to be nearly 
identical. For instance, the 70 Hz spectrum indicated by 
the blue downward arrow, and the three spectra at 259 
Hz, 533 Hz, and 763 Hz indicated by the black downward 
arrows, are clearly observable in both distributions. Unlike 
the blue spectrum, the black spectra are approximately 
harmonics of the lowest spectrum, suggesting they repre-
sent different physical phenomena. In the near future, these 
phenomena will be investigated in detail using data-driven 
analyses (Brunton and Kutz 2022) such as proper orthogo-
nal decomposition (POD), dynamic mode decomposition 
(DMD), and spectral POD, along with three-dimensional 
large eddy simulations. These approaches are central to the 
methodological contributions of this study, which aims to 
establish a robust and generalizable strategy for analyzing 
complex flow structures in supersonic regimes.

Although the power spectra of the shock motion and 
density fluctuation exhibit similar distributions, their prob-
ability density functions appear distinct at first glance. 
However, upon closer examination of the probability den-
sity function for shock motion, it seems to exhibit peaks 
on either side of the mean.

4.5 � Uncertainty analysis

Our first step is the evaluation of bias errors using Eq. (22). 
Considering that the spanwise duct width L has an error 
of less than 0.01% , the Gladstone-Dale constant K varies 
slightly with wavelength, but to a very small degree (Liep-
mann and Roshko 2001), and the wavelength error is of 
two orders of magnitude smaller compared to the phase 
error Telega et al. (2022), the derivative of Eq. (22) gives

In the present experiment, the spatial resolution for obtain-
ing density fields is Δs = 31 � m and the fringe interval is b = 
263 � m. Assuming 10% of the spatial resolution as the fringe 
shift error, a rough estimate of the phase error gives B𝜑̃ = 
2�Δs × 0.1∕b = 0.074 rad. This value is approximately half 
of the estimate (0.13 rad) by Houwing et al. (2005). Given 
the above discussion, the bias error of the density is B� = 
2.20 ×10−3 kg/m3 or 0.12 % to the stagnation density �os.

To obtain an ensemble average density 𝜌̂ , experiments 
were conducted at background fringe directions of � = 0◦ 
, 45◦ , 90◦ , and 135◦ . Notably, the experiment at � = 90◦ 
was performed twice, because the deformed fringes often 
collapsed in the vicinity of the shock, causing significant 
errors in the phase-unwrapping. Subsequently, the preci-
sion error S� of the sample of n measurements was calcu-
lated by

(36)d𝜌 =

𝜆0

2𝜋KL
d𝜑̃

with 𝜌̂ =

∑n

i = 1
𝜌i∕n.

The uncertainty error U� for the 95% confidence interval 
is defined as follows (Coleman et al. 2018):

where t95 can be obtained from the student’s t-distribution 
as t95 = 2.78 for n = 5.

The time-averaged streamwise density distributions 
at a constant height of y∕h∗ = 0.5 are shown in Fig. 13 as 
solid blue line ( � = 0◦ ), solid red line(� = 45◦ ), solid ocher 
line(� = 90◦ ), and dashed red line(� = 135◦ ). As indicated 
by the solid blue lines, two experimental results are depicted 
for � = 90◦ . In addition, the density uncertainty in the nor-
malized form ( U�∕�os ), obtained from Eqs. (37) and (38), 
is illustrated by the light blue solid lines. Furthermore, the 
standard deviation of the density variation in the normal-
ized form ( ��∕�os ), calculated using Eq. (29) for an angle 
of � = 45◦ , is represented by the solid green line in Fig. 13.

(37)
S𝜌 =

������

n∑
i = 1

�
𝜌i − 𝜌̂

�2

n(n − 1)

(38)U� =

√
B2
�
+ (t95S�)

2

Fig. 13   Effects of shock oscillations on uncertainty. �� and U� denote 
the standard deviation of shock oscillation from the experiment for 
the background fringe pattern of � = 45◦ and the uncertainty for time-
averaged streamwise density distributions for y∕h∗ = 0.5. The black 
line denotes the analytical curve calculated based on one-dimensional 
isentropic theory
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For � = 0◦ , there were many cases where the interference 
fringes were collapsed in the vicinity of the shock and no 
phase unwrapping could be made during density reconstruc-
tion. On the contrary, the density reconstruction for � = 45◦ 
and 135◦ was found to be easy and reproducible. Good quan-
titative agreement is reached between the density profiles of 
� = 45◦ and 135◦ . Hence, we recommend that the direction 
of the wavefront of the background fringe pattern should be 
oblique to the direction of the shock wavefront.

Matsuo et al. (Matsuo et al. 1993) demonstrated experi-
mentally that the peak values in the root mean square profile 
of static pressure oscillations along the duct axis correspond 
to the time-averaged locations of the shocks in a pseudo-
shock. A closer examination of Fig. 13 reveals that the peak 
location in the standard deviation profile corresponds closely 
to the position of the maximum density gradient in the time-
averaged density profile, i.e., the location where the shock is 
generated. A comparison between Figs. 10a and 13 shows 
that the shock position averaged in time aligns with the high-
est positions of uncertainty and the standard deviation of 
density fluctuations.

Next, we examine how shock oscillations affect the uncer-
tainty in measuring density. The regions to be verified are 
divided into three categories: (i) upstream of the shock ( z∕h∗ 
= 0 to 1.5), (ii) the region where shock oscillation is domi-
nant ( z∕h∗ = 1.5 to 2.5), and (iii) downstream of the shock 
(2.5 < z∕h∗ ). In region (i), the uncertainty ( U�∕�os = 0.11 
% ) is comparable to the standard deviation ( ��∕�os = 0.14 
% ). In region (ii), the peak uncertainty ( U�∕�os = 0.95 % ) is 
about one-eighth of the peak standard deviation ( ��∕�os = 
7.9 % ). In region (iii), the uncertainty ( U�∕�os = 0.19 % ) is 
about one-sixth of the standard deviation ( ��∕�os = 1.2 %).

5 � Concluding remarks

The methodology for extracting the time-resolved density 
field over the entire viewing area using Mach-Zehnder inter-
ferometry (MZI) with the finite-fringe setting is described in 
detail, such as the generation of background fringe patterns, 
the extraction of phase information, and the reconstruc-
tion of the density field. Applying these steps to transient 
flows with an oscillating shock in a divergent duct, where 
the shock has an incoming flow Mach number of 1.47 with 
bifurcation toward the upper and lower walls, was provided.

Finite-fringe interferograms of time-resolved density 
fields with the oscillating shock were taken using the MZI 
where the wavefront of the background interference fringe 
was oriented at � = 0◦ , 45◦ , 90◦ , and 135◦ to the horizontal 
plane. The fringe shift analysis was performed via a two-
dimensional Fourier transform technique. An infinite-fringe 
interferogram of the same density field was also taken for 
comparison. The infinite-fringe interferogram is useful for 

identifying features such as shock locations and geometries, 
and the extent of boundary-layer separation. However, the 
spatial resolution for the density field is very poor compared 
to that obtained from the finite-fringe MZI. In the present 
experiment, the spatial resolution of the finite-fringe mode 
is 31 � m, which is approximately 150 times higher than the 
4.5 mm resolution of the infinite-fringe mode along a fixed 
height of y∕h∗ = 0.5 upstream of the shock wave. At � = 90◦ , 
the deformed fringes may collapse in the vicinity of the 
shock, causing significant errors in the phase unwrapping. 
The reconstructed density fields for � = 5◦ and 10◦ agree 
quantitatively. Hence, it is recommended that the direction 
of the wavefront for the background fringe pattern be tilted 
rather than aligned parallel to the shock wavefront.

In addition to the density contour map, several innovative 
flow visualizations were presented, including bright-field 
schlieren imaging, pseudo-infinite-fringe interferograms, 
and domain coloring. While finite-fringe interferograms do 
not reveal the details of the shock structure, it is possible 
to easily generate infinite-fringe interferograms from the 
finite-fringe ones to observe those details. The domain col-
oring incorporates phase information along with the density 
field, resulting in a vivid color representation of the shock 
structure.

The oscillatory characteristics of shock motions are 
examined using both Lagrangian and Eulerian methods. The 
former method focuses on the time evolution of the shock 
position, as captured by bright-field schlieren imaging, while 
the latter method analyzes the time history of the density at 
the time-averaged shock position determined by the Lagran-
gian approach. In addition, the shock behavior obtained by 
both methods was evaluated by probability density functions 
and power spectral density functions. It was observed that 
the probability density function of shock motions adheres to 
a nearly Gaussian profile, except in the vicinity of the time-
averaged location. Conversely, the probability density dis-
tribution of density fluctuations exhibits a bimodal pattern. 
The spectral characteristics obtained from both approaches 
show almost quantitative agreement.

An uncertainty analysis of density measurements via 
MZI with the finite-fringe setting was conducted, revealing 
that phase-shift errors are the primary source of bias errors. 
The density uncertainty was assessed in three regions: (i) 
the supersonic area upstream of the shock, (ii) the shock 
oscillation area, and (iii) the subsonic region downstream 
of the shock. It can be seen that in areas (ii) and (iii), where 
shock oscillations have an effect, the density uncertainty is 
negligibly small compared to the magnitude of the density 
fluctuations. The uncertainty in density and the mean square 
of density fluctuations due to shock oscillation were found 
to peak at the time-averaged shock location.

To the best of the authors’ knowledge, no previous stud-
ies have reported time-resolved, high-spatial-resolution 
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measurements of two-dimensional density fields—includ-
ing oscillating shock waves—within the same measurement 
section as employed in the present study. As such, a direct 
comparison between the present method and existing diag-
nostic techniques is not currently feasible. Instead, the stand-
ard deviation and uncertainty of density fluctuations were 
experimentally quantified in the region of shock wave oscil-
lation and its surrounding areas. These results are expected 
to serve as benchmark data for future validation and com-
parison of alternative measurement approaches.

Future work will involve experiments conducted under 
identical flow conditions using a rainbow schlieren optical 
system and a Twyman–Green interferometer, both available 
in our laboratory, to assess the influence of different diag-
nostic techniques on time-resolved density field measure-
ments. In addition, comparisons with ongoing large eddy 
simulations are planned to further evaluate the accuracy and 
applicability of the present method.

Appendix: Procedure for density field 
reconstruction

The workflow for reconstructing time-resolved two-dimen-
sional density fields from RGB interferogram sequences is 
summarized in the flowchart below:

Step 1: Grayscale Conversion
The original RGB interferogram images are converted 

into 8-bit grayscale representations to simplify intensity 
analysis and reduce computational complexity. In this step, 
Fig. 4a and b is transformed into grayscale datasets to facili-
tate subsequent quantitative evaluation.

Step 2: Region of Interest (ROI) Extraction
A rectangular mask, denoted as rect(x, y), is applied to 

crop the image and isolate the region containing meaning-
ful fringe patterns, thereby excluding irrelevant peripheral 
areas.

Step 3: Fourier Transform
A two-dimensional (2D) Fourier transform is performed 

on the cropped grayscale image to transition from the spatial 
domain to the frequency domain, with the DC component 
centered. Figure 6a and b is generated through this transfor-
mation, and the resulting data are visualized in grayscale.

Step 4: Spectral Peak Identification
In the frequency domain, three distinct spectral peaks are 

identified: one at the origin and two symmetrically located 
on either side, corresponding to the carrier frequencies of 
the fringe pattern. These peaks are denoted as G0,G1 , and 
G∗

1
 , respectively, and are clearly visible in Fig. 6a and b.
Step 5: Carrier Spectrum Selection and Coordinate 

Shifting
One of the symmetric carrier spectra, typically G1 , is 

selected and shifted to the origin of the frequency domain 

via a coordinate transformation. This facilitates accu-
rate phase extraction by centering the modulated carrier 
information.

Step 6: Bandpass Filtering
A rectangular bandpass filter is applied to isolate the 

selected carrier spectrum by removing all other spec-
tral components. At this stage, only the G1 component is 
retained, ensuring that the modulated fringe information 
is preserved.

Step 7: Inverse Fourier Transform
An inverse 2D Fourier transform is applied to the fil-

tered spectrum to reconstruct the complex fringe-modu-
lated image in the spatial domain. This operation yields a 
complex-valued representation of the fringe pattern asso-
ciated with ct.

Step 8: Phase Extraction via Logarithmic 
Transformation

The natural logarithm of the reconstructed complex 
image is computed to separate amplitude and phase com-
ponents, enabling extraction of the wrapped phase dis-
tribution. This procedure corresponds to Eq.  (20) and 
provides two-dimensional phase information at a specific 
temporal instance.

Step 9: Phase Unwrapping
The wrapped phase map is converted into a continuous 

phase distribution using the phase-unwrapping algorithm 
proposed by Herráez et al. (2002), making it suitable for 
quantitative analysis.

Step 10: Noise Reduction
The Block-Matching and 3D (BM3D) algorithm is 

employed to suppress noise in the unwrapped phase image 
while preserving fine structural details, thereby enhancing 
the fidelity of the reconstructed phase data.

Step 11: Density Field Reconstruction
The denoised phase map is transformed into a two-

dimensional density field using the Gladstone–Dale 
relation, which accounts for optical path differences 
and refractive index variations. This step corresponds to 
Eq. (23) and yields the density field at a specific point in 
time.
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